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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Shamo I.JABRAILOV

OPTIMALITY CONDITION FOR CONTROL OF
SYSTEMS WITH THREE-POINT BOUNDARY

CONDITIONS

Abstract

In the paper we consider an optimal control problem with three-point bound-
ary conditions. Using the increment formula of a first order functional we
derive necessary condition of optimality in the form of Pontryagin’s maximum
principle. We show that in special case, the obtained necessary condition of
optimality is sufficient as well.

Problem Statement. Investigation object of the present paper is the problems
of optimal control in systems of nonlinear ordinary differential equations of first order
with boundary conditions:

·
x = f (x, u, t) , x (t) ∈ Rn, t ∈ [t0, t1] = T, (1.1)

Ax (t0) +Bx (τ) + Cx (t1) = D. (1.2)

Here f (x, u, t) is the given n-dimensional vector function continuous in totality
of variables together with partial derivatives with respect to x of first order, A,B, c ∈
Rn×n D ∈ Rn×1 are constant matrices, u (t) is r- dimensional and bounded vector
of control actions on the interval T = [t0, t1] , τ ∈ (t0, t1) is a fixed point.

It is assumed that almost everywhere on this interval the control actions satisfy
the restriction of inclusion type:

u (t) ∈ V, t ∈ T, (1.3)

where V is a compact from the space Rr.
The goal of the optimal control problem is to minimize the functional

J (u) = ϕ (x (t0) , x (τ) , x (t1)) +

∫
T

F (x, u, t) dt, (1.4)

determined on the solutions of boundary value problem (1.1), (1.2) for admissible
controls, satisfying the condition (1.3). Here it is assumed that the scalar functions
ϕ (x, y, z) and F (x, u, t) are continuous by their arguments and have continuous
partial derivatives with respect to (x, y, t) up to first order.

Notice that for A = E (E is a unit matrix of dimension n×n) B = 0, C = 0 the
problem (1.1)-(1.3) turns into the widely known optimal control problem with free
right hand end (Cauchy problem control). This problem has numerous applications
and sufficiently effective methods have been created for its solution (see f.e.[1] p.108;
[2]).

It is essential for many physico-technical problems that controlled dynamical
process is described by boundary value problem (1.1), (1.2). For instance, a prob-
lem of optimization of multilayer constructions subjected to periodical temperature
actions is reduced to problem (1.1)-(1.4) [3].
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For Cauchy problem control the question on the existence and uniqueness of the
solution of this problem for the choosen control was solved simply enough. The
problem on solvability of boundary value problem (1.1),(1.2) for admissible controls
is beyond simple analysis as the solvability of Cauchy problem. Therefore, in the
present paper we assume that under some conditions the boundary value problem
(1.1), (1.2) for each admissible control u (t) ∈ V, t ∈ T has a unique solution x (t, u).

The admissible process {u (t) , x (t, u)} being the solution of the problem (1.1)-
(1.4), i.e. delivering minimum to the functional (1.4) under restrictions (1.1)-(1.3)
will be said an optimal process, and u (t) an optimal control.

2. Functional increment formula. Necessary conditions of optimality for
an optimal control problem described by systems of ordinary differential equations
with non-local conditions are obtained also in the papers [6-8].

Let {u, x (t, u)} and {ũ = u+ ∆u, x̃ = x+ ∆x = x (t, ũ)} be two admissible
processes. Then we can determine a boundary value problem in increments for
the problem (1.1),(1.2):

∆x = ∆f (x, u, t) , t ∈ T (2.1)

A∆x (t0) +B∆x (τ) + C∆x (t1) = 0, (2.2)

where by
∆f (x, u, t) = f (x̃, ũ, t)− f (x, u, t)

the complete increment of the function f (x, u, t) is denoted. For special increments
we’ll use the denotation ∆ũf (x, u, t) = f (x, ũ, t)− f (x, u, t).

We can represent the increment of the functional (1.4) in the form:

∆J (u) = J (ũ)− J (u) = ∆ϕ (x (t0) , x (τ) , x (t1)) +

∫
T

F (x, u, t) dt. (2.3)

Make some sufficiently standard operations used in derivation of necessary con-
ditions of optimality.

In formula (2.3)
-we add zero terms ∫

T

〈
ψ (t) ,∆

·
x−∆f (x, u, t)

〉
dt

and
〈λ, A∆x (t0) +B∆x (τ) + c∆x (t1)〉 ,

where ψ (t) ∈ Rn, t ∈ T ; λ ∈ Rn are some untill underermined vector function, and
constant vector; a scalar product in Rn is denoted by 〈·, ·〉

-introduce the Pontryagin’s function

H (ψ, x, u, t) = 〈ψ (t) , f (x, u, t)〉 − F (x, u, t) ;

-apply the Taylor formula for ∆ϕ containing the terms of first order:

∆ϕ (x (t0) , x (τ) , x (t1)) =

〈
∂ϕ

∂x (t0)
,∆x (t0)

〉
+

〈
∂ϕ

∂x (τ)
,∆x (τ)

〉
+

+

〈
∂ϕ

∂x (t1)
,∆x (t1)

〉
+ 0ϕ (‖∆x (t0)‖ , ‖∆x (τ)‖ , ‖∆x (t1)‖) ; (2.4)
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-by means of integration by parts we introduce the identity

∫
T

〈ψ (t) ,∆x (t)〉 dt =

τ∫
t0

〈
ψ (t) ,∆

·
x (t)

〉
dt+

t1∫
τ

〈
ψ (t) ,∆

·
x
〉
dt =

= 〈ψ (t1) ,∆x (t1)〉+

〈
·
ψ (τ − 0)− ψ (τ + 0) ,∆x (τ)

〉
−

−〈ψ (t0) ,∆x (t0)〉 −
∫
T

〈
·
ψ (t) ,∆x (t)

〉
dt. (2.5)

Taking into account (2.4),(2.5), we can represent the increment of the functional

∆J (u) = ∆ϕ (x (t0) , x (τ)x (t1)) +

∫
T

∆F (x, u, t) dt+

+

∫
T

〈
ψ (t) ,∆

·
x−∆f (x, u, t)

〉
dt+ 〈λ, A∆x (t0) , B∆x (τ) + c∆x (t1)〉

in the form

∆J (u) = −
∫
T

〈
·
ψ (x) ,∆x (t)

〉
dt−

∫
T

∆x̃ũH (ψ, x, u, t) dt+

+

〈[
∂ϕ

∂x (t0)
− ψ (t0) +A′λ

]
,∆x (t0)

〉
+

+

〈[
∂ϕ

∂x (τ)
+ ψ (τ − 0)− ψ (τ + 0) +B′λ

〉]
,∆x (τ)

〉
+ (2.7)

+

〈[
∂ϕ

∂x (t1)
+ ψ (t1) + c′λ

]
,∆x (t1)

〉
+ 0ϕ (‖∆x (t0)‖ , ‖∆x (τ)‖ , ‖∆x (t1)‖) ,

where ′ means transposition and

∆x̃ũH (ψ, x, u, t) = H (ψ, x̃, ũ, t)−H (ψ, x, u, t) .

We can see the validity of the following equalities:

∆x̃ũH (ψ, x, u, t) = ∆x̃H (ψ, x, ũ, t) + ∆ũH (ψ, x, u, t) (2.8)

∆x̃H (ψ, x, ũ, t) =

〈
∂H (ψ, x, ũ, t)

∂x
,∆xH

〉
+ 0H (‖∆x (t)‖)

∂H (ψ, x, ũ, t)

∂x
= ∆ũ

∂H (ψ, x, u, t)

∂x
+
∂H (ψ, x, ũ, t)

∂x
.

Taking into account (2.8) in (2.7), for the formula of increment of functional we
have:

∆J (u) = −
∫
T

∆ũH (ψ, x, u, t) dt−
∫
T

〈
∆ũ

∂H (ψ, x, ũ, t)

∂x
,∆x (t)

〉
dt−

−
∫
T

〈
·
ψ (t) +

∂H (ψ, x, u, t)

∂x
,∆x (t)

〉
dt+

〈[
∂ϕ

∂x (t0)
− ψ (t0) +A′λ

]
,∆x (t0)

〉
+
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+

〈[
∂ϕ

∂x (τ)
+ ψ (τ − 0)− ψ (τ + 0) +B′λ

]
,∆x (τ)

〉
+ (2.9)〈[

∂ϕ

∂x (t1)
+ ψ (t1) + C ′λ

]
,∆x (t1)

〉
+

+0ϕ (‖∆x (t0)‖ , ‖∆x (τ)‖ , ‖∆x (t1)‖)−
∫
T

0H (‖∆x (t)‖) dt.

Now, we determine the undetermined vector function ψ (t) and constant vector
λ as a solution of the following linear boundary value problem (stationary state
condition of the Lagrange function by the state):

·
ψ (t) = −∂H (ψ, x, u, t)

∂x
, (2.10)

ψ (t0) =
∂ϕ

∂x (t0)
+A′λ, (2.11)

ψ (τ + 0)− ψ (τ − 0) =
∂ϕ

∂x (τ)
+B′λ, (2.12)

ψ (t1) = − ∂ϕ

∂x (t1)
− C ′λ. (2.13)

The system of equations (2.10)-(2.13) is said to be a conjugate system. For find-
ing the solution of (2.10)-(2.13) it is necessary to find such vectors ψ (t) ∈ Rn and
λ ∈ Rn that they satisfy the system of differential equations (2.10) and boundary
conditions (2.11)-(2.13). Condition (2.12) shows that the solution of the conjugate
system (2.10) in the general case at the point t = τ has discontinuities of first order.

3. Necessary conditions of optimality. Let’s consider the formula of aim
function increment on needle-shaped variation of admissible control. As variation
parameters we choose the point θ ∈ (t0, τ) ∪ (τ , t1], the number ε ∈ (0, θ − t0], the
vector ν ∈ V . Variation interval (θ − ε, θ] wholly lies on T . We give the needle-
shaped control variation u = u (t) in the form

∆εu (t) =

{
ν − u (t) , t ∈ (θ − ε, θ]
0 t ∈ T \(θ − ε, θ] (3.1)

Let ũ (t) = uε (t) = u (t) + ∆εu (t) and ∆εx (t) = x (t, uε) − x (t, u). Nec-
essary condition of optimality -Pontryagin’s maximum principle will follow from
the increment formula (2.21) if we can show that on the needle-shaped variation
ũ (t) = u (t)+∆εu (t) the state increment ∆εx (t) is of order ε.Represent the bound-
ary value problem in increments (2.1),(2.2) in the form

∆x = ∆x̃f (x, ũ, t) + ∆x̃f (x, u, t) (3.2)

A∆x (t0) +B∆x (τ) + c∆x (t1) = 0 (3.3)

Introduce the matrix

L (t) =

1∫
0

∂f (x (t) + η∆x (t) , ũ (t) , t)

∂x
dη.
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The matrix L (t) allows to represent the special increment in the form [2, p.92].

∆x̃f (x, ũ, t) = L (t) ∆x (t) .

Using the introduced matrix L (t)we construct a linear boundary value problem

z (t) = L (t) z + ∆vf (x, u, t) , (3.4)

Az (t0) +Bz (τ) + Cz (t1) = 0. (3.5)

The boundary value problem (3.4),(3.5) connects some state z (t) ∈ Rn with
admissible controls v = v (t). It follows from the boundary value problem (3.4),(3.5)
that for v (t) = u (t) its solution is z (t) ≡ 0 , and for v (t) = ũ (t) its solution is
z (t) ≡ ∆x (t).

Thus, the boundary value problem (3.4),(3.5) under assumption on solvability
of the boundary value problem (2.1),(2.2) is always solvable for any admissible con-
trol v = v (t). This fact follows from the solvability condition (1.7) and formulate
(1.9),(1.10) of representation of the solution of the linear boundary value problem
(3.4),(3.5). The estimation

‖∆x (t)‖ ≤M
∫
T

‖∆ũf (x, u, t)‖ dt, M = const > 0 (3.6)

follows from these formulae.
Now, let in (3.6) u (t) = uε (t). Then

‖∆εx (t)‖ ≤ Kε, t ∈ T, K = const > 0. (3.7)

The estimation (3.7) shows that ũ (t) = uε (t) and we have

θ∫
θ−ε

〈
∆v

∂H (ψ, x, u, t)

∂x
,∆εx (t)

〉
dt+ 0 (‖∆εx (t0)‖ , ‖∆εx (τ)‖ , ‖∆εx (t0)‖)−

−
∫
T

0H (‖∆εx (t0)‖) dt ∼ 0 (ε) (3.8)

and
∆ηεx (t) = x (t, uε)− x (t, u) ∼ ε. (3.9)

Taking into account the estimations (3.7)-(3.9) in the functional increment for-
mula (2.21) we finally get:

∆εJ (u) = J (uε)− J (u) = −∆vH (ψ, x, u, θ) ε+ 0 (ε)

∀v ∈ V, ∀θ ∈ (t0, τ) ∪ (τ , t1] (3.10)

Let {u∗, x∗ = x (t, u∗)} be an optimal process. If in (3.1) we take u (t) = u∗ (t),
the obtained necessary condition has the form of Pontryagin’s maximum principle.
Thus, we proved the following

Theorem 1. Let an admissible process {u∗, x∗ = x (t, u∗)} be optimal in the
optimal problem (1.1)-(1.4) and ψ (t) = ψ∗ (t, u∗) be a solution of the conjugate
problem (2.10)-(2.13) (or (2.19),(2.20)). Then the inequality

∆vH (ψ∗, x∗, u∗, t) ≤ 0 (3.11)
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is fulfilled for any v ∈ V .
Notice that in a linearly convex variant of the problem (1.1)-(1.4), i.e. when

f = A (t)x+ g (u, t) ,

F = F1 (x, t) + F2 (u, t) , (3.12)

ϕ (x, y, z) and F1 (x, t) are convex with respect to (x, y, t), the Pontryagin’s maximum
principle is both necessary and sufficient condition of optimality.

Theorem 2. Let in the optimal control problem (1.1)-(1.4) the condition (3.12)
be fulfilled. Then the condition (3.11) is a necessary and sufficient condition of
optimality of the process {u∗, x (t, u∗)}.

The proof follows from the increment formula (2.21)

∆J (u) = −
∫
T

∆ũH (ψ, x, u, t) dt+ 0ϕ (‖∆x (t0)‖ , ‖∆x (τ)‖ , ‖∆x (t1)‖) +

+

∫
T

0F1 (‖∆x (t)‖) dt,

where 0ϕ (‖∆x (t0)‖ , ‖∆x (τ)‖ , ‖∆x (t1)‖) ≥ 0, 0F1 (‖∆x (t)‖) > 0.
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