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Abstract

In the paper we establish relation between basis properties of dual and unitary
systems of powers in the Lebesgue spaces. Moreover, we suggest a method to
establish the basicity of the system of cosines in Sobolev spaces.

The relation between basis properties of classic systems of exponents, cosines
and sines is konwn well. Afterwards, the generalizations of these systems were
considered in many directions. We can refer Runge and Walsh’s [1] old results
on generalization of Weierstrass famous theory on approximation of a continuous
function for the case of a complex curve, to such papers. Approximate properties
of such kind systems in Lebesgue spaces were considered by Yu.A. Kazmin [2,3],
A.A. Shkalikov [4], A.N. Barmenkov [5]. The most general case in this direction was
considered by B.T. Bilalov [6]. Except B.T. Bilalov’s paper, in all the enumarated
papers the basis properties of the considered dual and unitary systems are studied
separately. In B.T. Bilalov’s paper another approach to studying basis properties of
unitary systams of powers is suggested.

In the given paper we show some relations between basis properties of dual and
unitary systems. Moreover, we suggest a method for establishing basicity of the
system of cosines with a linear phase in the Sobolev space W 1

p (0, π).

1. Dual and unitary systems. In this item we study the following unitary
systems of functions

ϑ±n (t) ≡ a (t) ϕn (t)± b (t) ϕn (t) , n ∈ Z, (1)

where Z is a set of integers, a (t) , b (t) and ϕ (t) are, generally speaking, complex
valued functions given on the segment [o, a], (·) is a complex conjugation.

Let’s introduce the following functions

A (t) ≡

{
a (t) , t ∈ (0, a)
b (−t) , t ∈ (−a, 0) ,

W (t) ≡

{
ϕ (t) , t ∈ (0, a)
ϕ (−t) , t ∈ (−a, 0) .

Alongside with (1) we consider the following dual system

Wn,k ≡
{

A (t) Wn (t) ;A (−t) W k (−t)
}

, n, k ∈ Z. (2)


