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MATHEMATICAL SIMULATION OF SOME
ECONOMIC DYNAMICS PROBLEMS IN

INTERCONNECTED OUTPUT PRODUCTION

Abstract

Mathematical simulation of economic dynamics problems in the field of pro-
ductivity of different kinds of interconnected output is considered. The problem
is reduced to the solution of the system of first order ordinary differential equa-
tions.

A set of different economical fields wherein economic showing of each field de-
pends on position and dynamics of other fields of economy is said to be economic
system.

On the whole, dynamic and nondynamic development of economic system de-
pends on investments directed to extend economic system, and on continuity of
parameters providing continuity of production of interconnected economic field.

In the paper, we give mathematical model of some problems of economic dynam-
ics in the field of increase of productivity of different kinds of interconnected output
in certain enterprises.

1. Let n kinds of interconnected output be produced in one enterprise or in co-
operation with some enterprises. The quantity (volume) of produced kinds of output
are the time functions t. We denote them by y1 (t) , y2 (t) , ..., yn (t), respectively.

We denote investment expenditures for productivity of these n kinds of output
by

J1 (t) , J2 (t) , ..., Jn (t) (1.1)

It is assumed that for productivity of the output y1 (t) , y2 (t) , ..., yn (t) the allot-
ted investment J1 (t) will be distributed in the following form

m11J1 (t) ,m12J2 (t) , ...,m1nJn (t) (1.2)

Similarly, the investment J2 (t) for raising the productivity of output y1 (t) ,
y2 (t) , ..., yn (t) , will be distributed in the following form

m21J2 (t) ,m22J2 (t) , ...,m2nJ2 (t) (1.3)

Thus, the allotted investment Jn (t) for the output productivity of output
y1 (t) , y2 (t) , ..., yn (t) will be distributed in the form

mn1Jn (t) ,mn2J2 (t) , ...,mnnJn (t) (1.4)

In the expressions (1.2) , (1.3) and (1.4) the conditions

n∑
i=1

m1i = 1;

n∑
i=1

m2i = 1; ...;

n∑
i=1

mni = 1

1 ≥ m1i ≥ 0; 1 ≥ m2i ≥ 0; ...; 1 ≥ mni ≥ 0.

(1.5)
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should be fulfilled.
Consequently, the spent investment for the productivity of each output

y1 (t) , y2 (t) , ..., yn (t) will be in the form

n∑
i=1

mi1Ji (t) = m11J1 +m21J2 + ...+mn1Jn

n∑
i=1

mi2Ji (t) = m12J1 +m22J2 + ...+mn2Jn

.........................................
n∑
i=1

minJi (t) = m1nJ1 +m2nJ3 + ...+mnnJn


(1.6)

It is accepted that the growth of output productivity is proportional to invest-
ment expenditures, therefore we have

dy1 (t)

dt
= l1

n∑
i=1

mi1Ji,

dy2 (t)

dt
= l2

n∑
i=1

mi2Ji

...................

dyn (t)

dt
= ln

n∑
i=1

minJi


(1.7)

ln ≥ 0;

where l1, l2, ..., ln are proportionality factors.
We assume that the produced outputs y1 (t) , y2 (t) , ..., yn (t) are realized by some

prices P1, P2, ..., Pn respectively. In the general case, the parameters Pi
(
i = 1, n

)
depend on the volume of output yi

(
i = 1, n

)
and the quantities Pi are the volume

functions of the output yi
(
i = 1, n

)
. Note that Pi (yi) are also decreasing functions

by the output volume, i.e. with increasing the volume of produced outlet their prices
are dropping as the result of market’s sateity.

Then the profits from each output to the time t will be

ỹ1 = P1 (y1) y1 (t) , ỹ2 = P2 (y2) y2 (t) , ..., ỹn = Pn (yn) yn (t) , (1.8)

Accept that the investments Ji compose some fixed part of profit ỹi
(
i = 1, n

)
;

then
Ji = kiỹi = kiPi (yi) yi,

(
i = 1, n

)
, (1.9)

where ki
(
i = 1, n

)
are investment norms and the conditions

0 ≤ ki < 1 (1.10)

are satisfied
Considering formulae (1.9) in expressions (1.7), we get the following ordinary

differential equation with variable coefficients in the form

dyi
dt

=

n∑
i=1

likjmjiPj (yj) · yj , i = 1, n (1.10)
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If the produced outputs are realized by some fixed prices Pi = const, i.e. if
conditions of insaturability of market are satisfied, the system of ordinary differential
equations with variable coefficients (1.10) becomes a system of ordinary differential
equations with constant coefficients and has the form

dyi
dt

=
n∑
j=1

likjmjiPjyj , i = 1, n (1.11)

Introduce the following denotation

a1j = l1kjmj1Pj ; j = 1, n
a2j = l2kjmj2Pj ; j = 1, n

.........................
........................

anj = lnkjmjnPj ; j = 1, n

 (1.12)

aij ≥ 0; ...; anj ≥ 0

Taking into account denotation (1.12) in system (1.11), we get a system of or-
dinary differential equations (ODE) of first order with constant coefficients in the
form

dy1
dt

= a11y1 + a12y2 + ...+ a1nyn
dy2
dt

= a21y1 + a22y2 + ...+ a2nyn

................................
dyn
dt

= an1y1 + an2y2 + ...+ annyn


(1.13)

Initial conditions for ODE (1.13) are given in the form

yi = yi0 at t = t0
(
i = 1, n

)
. (1.14)

Thus, if the amount of the produced output at time t = t0 is known in the form
(1.14), then at time t > t0 we can find productivity of interconnected output from
the system of ODE (1.13).

Note that, here, continuity (or piecewise continuity) of all the parameters pro-
viding production of interconnected outputs is required; we also assume that the
amount of the produced output should not oversaturate the marketing i.e. the re-
striction conditions of the form

yi (t) ≤ y∗i (t∗) , i = 1, n (1.15)

should be fulfilled.
Here y∗i (t∗) is the volume (amount) of output demanded in the market for t = t∗.

2. Consider the case when two kinds of interconnected output (n = 2) are
produced. For this case, equation (1.13) takes the form

dy1
dt

= a11y1 + a12y2

dy2
dt

= a21y1 + a22y2

 (2.1)
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Here
a11 = l1k1m11P1; a12 = l1k2m21P2;
a21 = l2k1m12P1; a22 = l2k2m22P2;

(2.2)

The solution of the system of equations (2.1) is of the form

y1 = c1e
λ1t + c2e

λ2t; (2.3)

y2 =
1

a12

[
c1 (λ1 − a11) eλ1t + c2 (λ2 − a11) eλ2t

]
(2.4)

Here λ1, λ2 are the roots of the characteristic equation of system (2.1) i.e. the
roots of the equation

λ2 − (a11 + a22)λ− (a21a12 + a11a22) = 0 (2.5)

Consider some cases that determine productivity of each output.

I. Let from investment J1 nothing be allotted for production of output y2, and
nothing be allotted from investment J2 for production of output y1 (not connected
problems), i.e.

m12 = 0; m21 = 0 (2.6)

Then, from (2.2) we get
a12 = 0; a21 = 0 (2.7)

Consequently, allowing for (2.7) and under initial conditions (1.14) the solution
of system (2.1) will be

y1 = y10e
a11(t−t0); y2 = y20e

a22(t−t0);
a11 > 0; a22 > 0

(2.8)

Thus, productivity of each output y1 (t) , y2 (t) is determined by the formulae
(2.8), and conditions (1.15) should be taken into account.

It follows from (2.8) that the volume of produced outputs y1, y2 grows in time
and they are also depend on initial volumes of outputs and on the parameters
l1, l2, k1, k2,m11,m22, P1, P2.

II. Let
a11 = a12;
a21 = a22;

(2.9)

Taking into account expression (2.2) in (2.9), we get the condition:

m11

m12
=
m21

m22
(2.10)

Then, the solution of the system of equations (2.1) will be in the form of (2.3),
(2.4) where

λ1 = 0; λ2 = a11 + a22 (2.11)

Considering conditions (1.44) in the given case, productivity of each output is
expressed by the formulae

y1 (t) = y10 +
y10 + y20

n1

(
eλ2(t−t0) − 1

)
; n1 = 1 +

a22
a12

(2.12)
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y2 (t) =
1

n1
(y10 + y20) +

(
1 +

a22
a12

eλ2(t−t0)
)
− y10; (2.13)

Here
y1 (t) ≥ y10; y2 (t) ≥ y20

yi (t) ≥ yi (t∗) , (i = 1, 2)
(2.14)

These formulae are valid for m11 = m12; m21 = m22, as well i.e. when J1 (t) is
equally distributed with respect to y1 (t) , y2 (t), and J2 (t) with respect to y1 (t) and
y2 (t) , respectively

It follows from (2.9) and (2.13) that if y10 > y20, then y1 (t) > y2 if y10 > y20
then the volume of the produced output y2 (t) is greater than the volume of the
produced output y1 (t). It also follows that for y10 = y20 the output y1 (t) = y2 (t) .

III. Let a21a12 − a11a22, then the roots of the characteristic equation λ1 > 0,
λ2 < 0, and the problem solution is expressed by the formulae (2.3), (2.4).

IV. If a21a12 − a11a22 < 0,

(
a11 + a22

2

)2

+ (a21a12 − a11a22) > 0, then λ1 > 0,

λ2 > 0 solutions of problem (2.3) (2.4) remain.

V. Let m21 = 0, i.e. a12 = 0, this means that the investment J2 doesn’t dis-
tributed for the production of output y1 (t). In this case, the solution of system (2.1)
allowing for (1.14) , will be

y1 (t) = y10e
a11(t−t0)

y2 (t) = y20e
a22(t−t0) +

y10
a11 − a22

a21

(
ea11(t−t0) − ea22(t−t0)

)
(2.15)

(a11 6= a22)

VI. Let m12 = 0, i.e. a12 = 0, consequently, from the investment J1 (t) nothing is
allotted for the production of output y2 (t). Then, solving the system (2.1) allowing
for m12 = 0 and initial conditions (1.14), we determine the volume of the production
of the output y1 (t) , y2 (t) in the form

y1 = y10e
a11(t−t0) + y20

a22−a11a12
(
ea12(t−t0) − ea11(t−t0)

)
y2 = y20e

a22(t−t0); (a11 6= a22)

}
(2.16)

It follows from formula (2.11) that the production of the output y1 (t) depends
only on the investment J1 (t) , and the production of the output y2 (t) depends on
the allotted part of the investment J1 (t) and J2 (t). The contrary case follows from
formula (2.16)

Thus, at each of the considered cases, on the basis of the obtained analytic for-
mulae, one can determine productivity of interconnected and not connected output
allowing for initial data of production.

Note that by the represented mathematical model we can consider demand to
each output depending on time.

On the whole, mathematical simulation of interconnected and not connected
problems of economical dynamics enables to predict precisely in definite conditions,
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the productivity of different kinds of output, high tempo of interconnected enter-
prises and control system at finite time.
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