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BASIS PROPERTIES OF UNITARY SYSTEMS OF POWERS

Abstract

In the paper we consider unitary systems of powers with complex valued
coefficients that are natural generalizations of the systems of sines and cosines.
Basis properties of such systems in Lebesgue spaces are investigated.

Application of the Fourier method to the solution of many problems of mathe-
matical physics and mechanics requires to investigate spectral properties of operator
pencils A(λ) = A0 + λA1+...+λnAn in specific Banach spaces. Usually, if a domain
associated with spatial variables is bounded, the resolvent of these pencils (of course,
under definite boundary conditions) have isolated singularities on a complex domain.
In its turn, the question on studying spectral singularities of a pencil reduces to in-
vestigation of basis properties of a part of appropriate root vectors.

In majority of cases, the principal parts of asymptotic expansions of root func-
tions have the forms

{a(t)ϕn(t) + b(t)ψn(t)} (1)

{a(t)ϕn(t) + b(t)ϕn(t)} , (2)

where a(t), b(t), ϕ(t) and ψ(t), generally speaking, are complex-valued functions.
In order to illustrate the reasoning mentioned above, we consider the quadratic

pencil
A(λ) ≡ D2 + 2bλD + cλ2I,

where D =
d

dx
is a differentiation operator, I is an identity operator. If in the place

of domain of definition of the pencil A(λ): Lp(0, π) → Lp(0, π) we take the manifold
(1 < p < +∞)

DA(λ) ≡
{
y ∈W 2

p (0, π): y′(0) + aλy(0) = 0, y′(π) + aλy(π) = 0
}
,

where a, b, c ∈ R are real parameters, we get that the eigen values of this pencil are

λk =
k√
c− b2

, k = 0,±1,...; (b2 − c > 0) and the appropriate eigen functions look

like
yk = Aeαkx + eαkx, k = 0,±1,...;

where

A =
b− a+ i

√
c− b2

a− b+ i
√
c− b2

, α = − b√
c− b2

+ i.

Evidently, M.G. Javadov [1] first paid attention to the fact that a half of eigen
functions y−k (x) = yk(x), k = 0,−1,...; of the pencil A(λ) is complete in L2(0, π).

The so-called A.G. Kostyuchenko system
{
eiαnz sin nz

}
should also be noted.

As early as 1969 A.G. Kostynchenko stated a problem on investigation of basis
properties of this system by purely functional methods [2]. The first theorem on
completeness of this system L2(0, π) for α ∈ R was reduced by B.Ya. Levin [2].




