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ON UNBOUNDED POLYNOMIAL OPERATOR
AND DIFFERENTIAL PENCILS

Abstract

The present work is dedicated to the investigation in Banach space of un-
bounded polynomial operator pencils that are not of Keldysh form. There has
been found sufficien condition for operator coefficients under which in Banach
space coercive solvability in the spectral parameter of the considered pencils is
proved. Futher, using the known abstract result obtained by S.Y. Yakubov, n-fold
completeness of root vectors of a polynomial operator pencil is established. This
abstract results are applied to proving coercive solvability and n-fold complete-
ness of eigenfunctions and associated functions of principally boundary value
problem for ordinary differential equations with a spectral parameter. Earlie the
analogous results were established for the square pencils

In [5], published in 1951, M.V. Keldysh introduced the important notion of
n-fold completeness of root vectors and proved a fundamental theorem on n-fold
completeness for a polynomial operator pencil with principal part generaled by a
single self adjoint operator. Later, these results were extended in [1],[9],[10] and
[12].

At present there are a lot of works dedicated to the fold completeness of root
vectors for operator pencils. However, all these investigations were carried out for
the special class of operator pencils, namely for the pencils that is of Keldysh form
or self adjoint pencils in a Hilbert spece. A detailed bibliography may be found, e.g.
in the monographs of F.G. Maksudov [7], A.S. Markus [8] and G.V. Radzievsky’s
article [10].

In contrast to the existed results for the first time the S.Y. Yakubov’s and M.K.
Balaev’s work [17] has proved coercive solvability in the spectral parameter and two-
fold completeness of root vectors for square operator pencils in Banach space that
are not of Keldysh form.

In the present paper there has been found sufficient conditions for the oper-
ator coefficients under which in Banach space coercive solvability in the spectral
parameter of polynomial operator, pencils that are not of Keldysh form is proved.

Further, applying the known abstract results obtained by S.Y. Yakubov [13] we
establish n-fold competeness of root vectors of a polynomial operator pencil. The
got abstract results are applied to the investigation of n-fold completeness of root
functions of a principally boundary value problem for ordinary differential equation
with a polynomial parameter.

Consider in the Banach spave F the operator pencil

L) =AT+ XA+ + A, (0.1)
where the Ag, &k = 1 + n, are given, generally unbounded, operator. Clearly,
D(L(N) = r’I%D (Ag) for A # 0.

The number )y is called an eigenvalue of the pencil L () if the equation
L (M) u = 0 has a nontrivial solution u € D (L (\g)). A vector uy # 0 satisfying the
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equation L (\g)u = 0 is called an eigenvector of the pencil L (\) corresponding to
the eigenvalue ).
The vector u1, ..., ur of E¥ that are connected by the relations

1 1
L (o) up + FL’ (Xo) tp_1 + ... + EL(”) (M)ug=0, p=0=+k

are called the associated vectors for eigenvector ug of the pencil L ()).

The associated vectors and eigenvectors of a pencil are combined under the
general name of root vectoras of the pencil.

A point p of the complex plane is called a regular point of the pencil L (A), if
the operator L (1) has a bounded inverse L~! (1) defined on the whole space.

The complement of the set of regular points in the complex plane is called the
spectrum of the pencil L (A).

The spectrum of the pencil L (\) is said to be disctere if:

a) all the points A that are not eigenvalues of the pencil L () are regular points
of L(\);

b) the eigenvalues are isolated and have finite algebtaic multiplicity;

¢) infinity is the uniqur limit point of the set of eigenvalues of L ().

Below L' ()\) will be written only at the regular points or the pencil L ()) .

Consider in the Banach space E the Cauchy problem

L(D)u=u™ (&) + AuD @) + ...+ Ayu(t) =0, (0.2)

u® (t) = upyy, k=0+(n—1), (0.3)

where ug1 are given vectors in F.
A function u (¢) of the form

tk tk—l t
is a solution of equation (0.2) if and only if wug,u1, ..., ug is a chain of root vectors
corresponding to an eigenvalue g of the pencil (0.1). A solution of the form (0.4)
is called an elementary solution of equation (0.2) .

The natural desire to approximate a solution of the problem (0.2) , (0.3) by linear
combinations of elementary solution (0.4) leads to necessity of approximating the
vector (v1,...,v,) by linear combinations of vectors of the form

(u 0,4/ (0) , ..., ™™D (0)) . (0.5)

A system of vectors (0.5) is called a Keldysh system of the pencil (0.1).

Let Ex, kK = 1 + n, be Banach space continuously imbedded in E. A system of
root vectors of the pencil L () is said to be n—fold complete in E; X ... x E, if the
Keldysh system of the pencil L (\) is complete in Ey X ... X E,.

The infimum of numbers 7 satisfying the setimate

Z AL ()‘)HB(E,E‘;C) =0, AeG(ap), [Al—e
k=0
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where the G (a, ) is an angle in the complex plane with the center in a and an-
gle value ¢, is called a defect of coerciveness of the pencil L (X) in the angle G (a, ¢) .

1. Coersive Solvability in the Spectral Parameter
of Polynomial Operator Pencils
Consider the polynomial operator pencil

L) =A"T+ X" (A +By) + ... + (A, + By) (1.1)

with unbounded operator coefficients Ay, By acting in a Banach space E.

Theorem 1. Assume that the following conditions hold:

1) The operators Ag,k =1+ n —1 are closed and have everywhere dense range
of definition and bounded inverse.

2) The closed operators Nj = —AkA];_ll, k=1+n, Ay = I have everywhere
dense range of definition in E and at some o, € (0,1], k=1-+n

IR —Np)[| S CIATF, A€ S, [N — oo,
J
wherej—p<5pj:ZUk§n, 1<p<j<nyor<din—(n—1),85 is a setin
k=p

the complex plane which goes to infinity.
3) For any € >0 and uw € D (Ng) C D (Ngy1), k=1+n—1,

1Nl < e[| Ny 07 a5 4 O (e) [lul|
4) For any e >0 and uw € D (Ax) C D (By), k=1+n
1Byl < e | Agul| 77 fu| P77 4 O (e) ]

5) For n < 3 the operator N1 = Ay commutes the operators Ny, k =2 +n.
Then for all X € S, |\| — oo the operator

L(A\)=X"T+Y A" (A + By)
k=1
1s invertible in E and the following estimate takes place:
AP LY O+ AP AL O]+ AR | AL O || -
e P ALLTE )] <6 A e S, A = oo
Proof. We will show at first that for the pencil

Lo(A) = (M + Np) (AL + Npoq) . (AL 4+ Ny) =

n
=NT+AIDY NG AT YT NN e No N1 Ny (1.2)

k=1 1<i1<ia<n

the following estimate is true:

AP | Lo O] + AP ALt )| + -
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c AP ALt V)| €€ A€ S, A = oo (1.3)

By virtue of the condition 2) and the representation
Lot () =M+ N) TP+ No) (M4 N,) 7 =Ry (A Re (V) Ry (V)

the first two summand in (1.3) are easily estimated. Indeed, for sufficiently large |\|
it follows the inequality:

<[ = ARy (V] Ra (A) . By (V)| < CAI"m (1.4)
Since, from that we have
AsLgt (N) = A2 AT (Ra (N) . R (N) — ALg (V) = Ry (\) .Ryy (A) —
~ARy (\) ...R,, (\) — Mo ALy (),
then under all A € S, |\ — 00
[ ALyt (V)| < A%+ A2 4 ][ A2 AT [ [ ALgt (V)| < C AP

By virtue of the condition 2) the rest summand of (1.3) are estimated analogi-
cally. Thus, the estimate (1.3) is proved.
As the perturbed operator pencil is of the form

LiN) =LA —Lo(AN) =) N B=> A" > N, N,;,..N;,,, (1.5)
k=1 m=1

11>m

where the latter sum applies to the indices satisfying the inequality i1y > ia > ... > ip,
so by virtue of the conditions 2)-4) and estimate (1.3) for all A € S, |\ — oo and
any € > (0 we have

NEB LG )| < 2 I [ Agt )] g P

+C @ N ILg T ] < e + O () A7,

where ay, = ay (01, ..., 0) > 0.
From (1.4) for any i; > 1 we get the following estimate

Biy 8

i1_|_

Lo (V)

NN L )| < 2 A Vgt )

+O ) I Lyt ]| < e+ AT (1.6)

where ﬁil,ﬁgl and ~; are some functions of oy, ..., 0;.
On the analogy the operator NilNiQLal (A) (i1 > 2) is estimated through the
operator

NoN1Ry (M) Ra (A) . Ry (A) = R (\) .Rpy (\) — AR2 (A) R (\) ..Rn (A) —

AN2Ry (A) Ry (A) ... Ry ().
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With the help of the estimate (1.6) we come to the inequality
A2V Niy Lo (V] S €+ C () AT
All summands condidted in the operator
n
K(A)=> A" NiNi,..Ny, L (A)
m=1 i1>m
are estimated analogically. So, for A € S, |A\| — oo we have

n

> XL (M)
k=1

1L () Lt (]| < KNI <a<t (17)

Then, from (1.4) it follows that under all A € S, |A\| — oo the operator L () is
invertible in F and

L) = L ) [T+ Ly () Ly (V)]

Hence, by virtue of (1.3) and (1.7) we have
ST AL V]| <€, Ap =1
k=0

Theorem is proved.

Remark. The assertion of theorem 1 remains to be true if we substitute the
condition 2) by the following condition: at some ¢ > 0 and 5 < By = 1, — (n — 1)
and under any u € D (N;) N D (Ngy1), k =1+ n — 1, the following inequalities are
true:

| Nsrull < C [Nyl lul 7.

2. Multiple Completeness of Root Vectors
of Unbounded Polynomial Operator Pencil
Let operator A acts in a Hilbert space with the range of definition D (A) . Convert
D (A) into Hilbert space H (A) by the norm

1/2
leallvay = (Jlal® + fl4wl®)

where ||-|| is @ norm in H. Denote by J the embedding operator from one Hilbert
space to another.

Now let us give one theorem from [13].

Theorem 2. [13, p.430]. Let the following conditions be satisfied:

1) There exist Hilbert spaces Hy, k = 0+ 0, for which the compact imbeddings
H,CH, 1C..CHy=H hold.

2) Hk‘kal =Hp 1, k=1=+n.

3)J op(Hg,Hp—1), k=1+n, for p>0.

4) The operators A,k =1+ n, act boundedly from Hy to H.
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5) There exist rays iy with angles between neighboring rays of at most w/p and

an integer m such that
-1 .
|Z ()‘)”B(H,Hn,l) <c|A"™, N g, [A] — oo

Then the spectrum of the pencil (0.1) is discrete, and the system root vectors of
the pencil (0.1) is n—fold compete in Hy, X ... X Hj.

Theorem 3. Let the following condition be satisfied:

1) The operators Ay, k = 1-+n, are closed in H and have everywhere dense range
of definition and bounded inverse; the operator A, is closed in H.

2) D(A,) C ... C D(A1), H(Ag+1) o H(Ag), k=1+n—-1, and at
k

somep>0J€o,(H (A1), H),...J €0, (H(Ap-1),H(A)).

The closed operators —AkA,;_ll, k=1+n-—1, Ay = I have everywhere dense
range of definition in H and there exist rays ix with angles between adjacent rays at
most 7/p and numbers o, € (0,1] such that

IR (N ~4kA 1) | < CIAT . A€ ix(a), A — oo,

J
jok<or<) op<mn; 1<p<j<m; op<oin—(n—1).
k=p

4) For any € >0 and u € D (AkAlgil) cD (Ak+1A,;1) yk=1+n-1,

Ayl < e f[Apaily 777 oo 4 C o) full
5) For any e >0 and ue€ D(Ay) CD(Bg), k=1+n—1,
1Bl < & || Agul| <7 T [ul 7O 4 O (o) fuf -

6) For n > 3 the operator Ay commutes the operators AkA,;ll, k=1+n-1.
Then the spectrum of the pencil (1.1) is discrete and the system of root vectors
of the pencil (1.1) is n—fold complete in

H(A,) x H(Ap—1) X ... x H(Ay).

Proof. Let us show that theorem 2 can be applied to the pencil (1.1) . By virtue
of the conditions 1) and 2) of the theorem under Hy = H (Ax), k =1+n—1,
Hy = H(A,) = H the conditions 1-3 of the theorem 2 are satisfied. by virtue of
theorem 1 the condition 4 and 5 of theorem 2 are also satisfied. So all the conditions
of theorem 2 are satisfied and consequently the system of root vectors of the pencil
(1.1) is n—fold complete in

H(A,) x H(Ap—1) X ... x H(Ay).
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3. Coercive Problem for Ordinary
Differential Equations with a Parameter
3.1. Coerciveness of the problem. Consider the problem with a polynomial
spectral parameter

L) = XNu(z) + A" Laru®) (2) + ...+ anu®) (2) +
2p1—1 2pp—1
AN " by (@) u® (2) 4 D bng (@) ul (2) = f (2) (3.1)
a=0 a=0
and the functional conditions
Lyu = o, ul®) (0) + 8,u%) (1) + T,u = 0, (3.2)

under pl 2 2 an Where ‘al/|+ |ﬁy‘ 7& 07 Vv = ]- +2pl) 0 S QV S QV-i-l) QV < QV+27
T, is a linear continuous functional in Wy (0,1) and under p1 < p2 < 2p1, p2 >
p3 > ... > pp with the additional conditions

L2p1+su _ Lnsu(2p1) — ansu(ans+2p1) (0) + ﬁnsu(ans+2p1) (1) +

-l-TnSU(zpl) () — O, (33)

where s=1+2(py —p1), 1 <ns<2p;, k=1=+n.
Theorem 4. Suppose that the following conditions hold:
1L ag#0, k=1+n,p1>1,q <2p; — L.
2. Under p1 > ps > ... > pp

a ag @ a1
QWi oqwy Brw - Brwyy,
01 =1 #0 (3.4)
2k 2k 2k 92k
Qopw i agpw i BopwiZl - Bopwiy

where w1, ...,way, are roots of the equation ajw?* +1 = 0 number such that Re w; <0
at j=1,..,k and Rew; >0 at j =k+1,...,2k.
3. Under p1 < pa < 2p1, p2 > ... > pp let 81 # 0 and

q q
an, 50 - 3. §im

n1*~2(p2—p1)
0y = : U . # 0, (3.5)
a a(py—p1) 3 472(py—p1)
N2(pg—py) 1 o N2(py—p1) " 2(p2—p1)

where Si, ..., Sy(p,—p,) are Toots of the equation @9 82P2—P1) 4 g = 0 such that
ReSj<0atj=1,...,p2—p1, and ReS; >0at j=ps—p1+1,...,2(p2 —p1).
4. bra () € Lg(0,1), k=1+n, f(-) € Ly (0,1).
5. At some n € [1,00) functionals T, are continuous in W;™ (0,1).
Then for any € > 0 there is R. > 0 such that at all complex A for which |A| > R,
and
ANeGO;pim—m+argay + e, + 7+ arga; — ¢)

under p; > py > ... > p, and

ANeG(0;pim —m+arga; +e,p1m+ 7+ arga; —e) N
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NG (0;(p2 — p1) ™ — 7+ argag + argay + &, (pa — p1) ™+ 7+ argas — argaj — )

under p; < p2 < 2p; the problem (3.1) — (3.3) has a unique solution

u € qunax(2p1,2p2) (0,1) and at those A for a solution of the problem (3.1) — (3.3) the
following estimate is true:

|>\|n ||u||Lq(0,1) + ‘)\’nil ||U”Wqu1 (0,1) + ...+ ”uHWqu"(OJ) S C HfHLq(O,l) :

Proof. To reduce the problem (3.1) — (3.3) to the operator pencil for which we
will able to apply results of §1 let us introduce the operators Ay, Bi, kK =1 +n by
the equals

D (Ag) = W2 ((0,1)5 Lyl = 0), Agu = apu®® (2) + wyu (),

ka—l
k=1+n, D(By)=D(Ar), Bru= Y bpau' (z) —wpu(x).
a=0

Then the problem (3.1) — (3.3) is reduced in L, (0,1) to the equation
LNu=XNu+\N"1 (A +B))u+ ...+ (A, + By)u=f. (3.6)

From conditions 1,2 and 5 by virtue of theorem 2 [14] it follows that the op-
erators Ay, k = 1 +n — 1 at some wy € C are invertible, i.e. they satisfy the
condition 1 of theorem 1. From theorem 2 [14] it also follows that at A € S; =
G(0;pim —m+arga; +e,p1m+ 7w +arga; —e), [N\ — o

IR (A=A < C A (3.7)
i.e. the operator A; satisfies in Sy the condition 2 of the theorem 1. Under p; >
P2 > ... > p, the operator AkA,;_ll is bounded in L, (0,1).

So, at all |A\| — oo
B (O —Aeiy) [ <O

i.e. the operator AkA,:_ll in Sy = C satisfies the condition 2 of theorem 1.

Now, consider the case of p1 < py < 2p;. Since under 2p; < kand u € Wq2p” (0,1)
the following correlation takes place

DFAT Yy = a7t DF2P1 [((JJDQP1 +wi) —wi] AT ' = a7 D21y — w DR AT,
then for u € D (ARATY) € W7 (0,1) we have

ApAT = aza7 D22y — gy D2 ATy (3.8)
and for s =1+ (2p2 — 2p1)

Lopy s A7 w = ap (an,u®) (0) + 8, u®) (1)) -

—wi (o, [D¥s A ] _ + B, [D¥ AT'] ) + T, A7 u.
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Obviously, the functional a L2p1+SA1_1 is of the form
Lou = a1L2p+SA1_1u = ozl,su(q”s) (0) + ﬁysu(q”s) (1) + Tsu,

where the functional

Touw = —aywi (a, [D¥ AT'u] _ + B, [D™ AT '] ) + a1 Ty, AT M,
is continuous in L, (0,1) . Thus, the operator A2A1_1 is defined by the equals
D (A2A7Y) = W2re—2m ((o, ):Lu=0, s=1= (2ps — 2p1)>

and (3.8).
By virtue of the conditions 1,3 and 5 the theorem 2 [4] can be applied to the
operator AQAfl from which it follows that at

A€ Sy =G (0;(p2 —p1) 7™ —m+argas —argay +¢,

(p2 —p1) 7™+ T+ argas —arga; —e), |A| = o0
|R (X, —AATY || < C N, (3.9)

i.e. the operator AQAIl satisfies in Sy the condition 2 of theorem 1.
Let us show that the condition 3 of theorem 1 takes place, i.e. D (Az) D D (A3)
and for any € > 0

| Asul| < e ||Afu|| + C (¢) |ull, u e D (AD).

Indeed, from u € D (A?) it follows that u € D (A4;) and Aju € D (A1) . There-
fore, L,u = 0, L, Aju = a1 L,u®) + o Loy = 0, v = 1 =+ 2p;. Thus, the function
u (x) satisfies both the condition (3.2) and (3.3), i.e. w € D (As2).

On the other hand, by virtue of the well-known estimate [3, p.145]

P

L (0,1)

Lq(0,1) +C @) lullzy 1), k<n

forue D (A%) we have

+

< (2p1)
lA2ull,01) < C H“ Le(0,1)

<o
L4(0,1)

+C (e) HUHLq(o,l) <€ HA%UHLQ(OJ) +C(e) HuHLq(O,l) ?
Q.E.D.
From condition 4 it follows that

1Bl 01) < & ull 2o o) + C () Nl o) <

<ellAullp, 01y + C €)1l 01

i.e. the operator By, satisfy the condition 4 of theorem 1. Thus, for the problem (3.6)
we have verified all the condtions of theorem 1 from which it follows the assertion
of theorem 4.
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3.2. Multiple Completeness of Root Functions of the Problem (3.1) — (3.3)
Consider under p; < p2 the homogeneous equation

L) u=\u(z) + A" ragu®) (2) + ... 4 anu®) () +

2p1—1 2pn—1
4 A1 Z brou'@x + ... + Z bpat'®z =0 (3.10)
a=0 a=0

with the functional conditions
Lyau=0, v=1-=2p, (3.11)

where L, are defined by the equals (3.2) and (3.3).

Theorem 5. Let the following conditions be satisfied:

1oap #0,p1 > 1, p1 <p2 <2p1,p2=p3 = .. =Pp; @ < 2pp— 1, @, <
2(p2—p1) — 15

2. The determinants (3.4) and (3.5) are not equal to zero;

3. bka(’) ELQ(O,I), l=1+n.

4. At some n € [1,00) the functionals T, are continuous in W3* (0,1).

Then the spectrum of the problem (3.10) — (3.11) is discrete and the system of
the root vectors of the problem (3.10) — (3.11) is n—fold complete in

W22 ((0,1); Lyu = 0,0 = 1+ 2pg) X ... x WP (0,1); Lyu =0,

v=1%2py) x W2 ((0,1); Lyu=0,v =1+ 2py).
Proof. Introducing in Ly (0,1) the operators Ay and By by the equals

D (Al) = Wqul ((07 1) i Lybu=0,vr=1=+ 2p1)

Aju = aju®V (z) + wiu (z), wi € C,
D (Ar) =W2P ((0,1); Lyu = 0,v =1+ 2py)
Agu = au®V (2) + wpu (z), wp € C, k=2+n,
D(By) =D (Ap), k=1=+n,

2pn—1
Bru = Z bia (2) Uz — wpu (@) .
a=0

On the other hand,
H (A1) = W2 ((0,1); Luf? =0)

and

H (4) = W2 ((0,1); Lyul2%, =0)
are subspecies of WZP' (0,1) and Wg*2 (0,1) correspondingly.
Then at . )

2 2(p2—p1)} Jeo,(H(A),H)

,0>max{
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and J € 0, (H (A2),H (A1)). Thus the condition 2 of theorem 3 has been verified.
Since the estimates (3.7) and (3.9) gold everywhere in the complex plane except
of two arbitrary small angles

G (0;p1m +m+arga; —e, pim + 7 +arga; —¢€,)

and
G (0;(po — p1) T+ 7+ argag — argay — &,

(p2 — p1) ™+ T+ argas — arga; — €)

then the condition 3 of theorem 3 hold completely. Thus the theorem 3 can be
applied to the problem (3.12) from which it follows the assertion of theorem 5.
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