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ON AN INVERSE BOUNDARY VALUE PROBLEM
FOR A THIRD ORDER PSEUDOHIPERBOLIC
EQUATION WITH NOT SELF-ADJOINT
BOUNDARY CONDITIONS

Abstract

An inverse boundary value problem is investigated for a third order pseudo-
hiperbolic equation with not self-adjoint boundary conditions. A first, an initial
problem is reduced to an equivalent problem for which a theorem on ezistence
and uniqueness is proved. Further, using these facts, the existence and unique-
ness of the classic solution of the initial problem is proved.

Let’s consider the following problem:

O%u(x,t) 0 (a " 9

U(.’B7t)> + F('U,, a07a1§t)7

oz ot D2
(@,t) € Dp={(z,t): 0< 2 <1, 0<t<T} (1)
u(m,O)—g@(:v),au((;’o)— (@), 0< o<1, 2)
w(0,8) =0, augg,t) - 8“;;”, 0<t<T, (3)
w(l,t) =ho(t),(1/2,8) = hy (t), 0<t < T, (4)

where

F(u7a0aa1;t) = ap (t)u(x,t)+a1 (t)g(x,t)+f(:13,t),

a(t) >0, gz, t), f(x,t),0(x), ¥(x), hy(t) (r=0,1) are given functions,
u(z,t), ag(t), aj(t) are desired functions.

Accept the following

Definition. A three {u(z,t), ao(t), a1 (t)} of the functions u (z,t), ag (t), a1 (t)
satisfying the conditions:

1) the function u (z,t) is continuous in Dr together with all its derivatives con-
tained in equation (1);

2) the functions a, (t) (v = 0,1) are continuous on [0,T];

3) equation (1) and all the conditions of (2)-(4) are satisfied in the ordinary
sense, are said to be a classic solution of the inverse boundary value problem (1)-

(4)-

The following lemma is valid.
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Lemma 1. Let o (), ¢/ (), ¥ (&), 4/ (2) € C [0, 1],k (1) € C*[0,T] (v = 0,1),
f(x,t), g(z,t) € C(Dr) and the agreement conditions

w (1) =ho(0), ¢(1/2) =h1(0), (5)

¥ (1) =ho(0), ¢ (1/2) = hy (0) (6)

be satisfied.

Then, the problem on finding of classic solution to problem (1)-(4) is equivalent
to the problem on definition of functions w (x,t), ag (t), a1 (t) possessing properties
1) and 2) on definition of classic solution of problem (1)-(4) from (1)-(3) and

hg (t) = % (@ (t) uzz (1,1)) + a0 (t) ho (t) + a1 (£) g (1, 8) + f (L,1) (0 <t <T), (7)

R () = 5 (a (0) e (1/2,0)) + a0 () b (6)+
+ar (1) g (1/2,1) + f(1/2,0) (0 <t <T). (8)
It is known that [2] the sequences
Xo (z) =2, ..., Xog—1 (z) = wcos \gx, Xo () = sin Az, ..., 9)

and
Yo(z)=2,..,Yor_1 (z) = 4dcos \pz, Yor () =4 (1 — x)sin Mgz, ... (10)

form in Ly (0,1) a biorthogonal system, and system (9) forms a basis in Lo (0,1)
where A\, = 27k.

For any function r () € L2 (0, 1) the following estimation is true:

3 o0
1 I (@H%Q(O,l) < ];Ori <16r (':U)H%Q(O,l)7 (11)

where

1
re= [ r(x)Yy(x)dz (k=0,1,...).
/

Under assumptions
r(z) € C*710,1], r@®) (2) € Ly (0,1)

and
29 (0) = 0, 72+ (0) = #25TD (1) (s=0,i—1;i>1)

validity of the estimations [4]:

gL

Ko 1) < .
1( T2k 1) — (27T)4Z

k
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o0 . 2 2
> (K*rar)” < ;
= ( ) (271')4

is established.

And under assumptions

(>1) (1)

r® (2) (1 - @) - 20D ()

L»(0,1)

r(z) e C%[0,1], r®*Y (z) € Ly (0,1)

and

r29)(0) = 0, #ZD (0) = >~ (1) (s=0,4; i >1)

validity of the estimations [4]:

S (2t 2 8 @i+1) (|| 14
k;( rok—1) < 2 r (z) 1200 (14)
55 (1% < s [ (@) (1= ) — i 1)1 @)
k=1 T (2r)2@HD L»(0,1)
(i>1) (15)

is established.
By B;T [3] we denote totality of all functions u (z,t) of the form

w(z,t) = 3o (£) X (),
k=0

considered on Dy, for which all the functions uy (t) € C'[0,7T] and

_ 2 = (1.3 ?
) = o @10y + £ (K luakcr Ol )+

00 2y 1/2
3
+k§1 (kz |luak (t)HC[O,T]) } < 400,

where X () (k=0,1,2,...) are determined by relation (8) The norm in this set is
determined as follows:

lullgg . = Jr (u).
It is known that [3] all these spaces are Banach spaces.
By E3 we denote a space of vector-functions z = {u (x,t),a0 (t),a1 (t)} such
that u (z,t) € B%T, ap (t), a1 (t) € C'[0,T], supplied with the norm

12l pg. = llu (@, )z . +llao Ollcp,r + llar @l cpor -

Obviously, E% is a Banach space.

Sience system (9) forms a basis in Lo (0,1), and systems (9), (10) form a system
of functions biorthogonal in Ly (0,1), we'll look for the first component u (x,t) of
the solution {u (x,t),ap (t),a1 (t)} of problem (1)-(3), (7),(8) in the form:

(o t) = S ug (£) X (x), (16)
k=0
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where
1
up (t) = [ u(z,t) Y (x)de (kE=0,1,...)
/

is a solution of the following problem:

d2
WUO (t) = FO (u7a07a1; t) )
d? 5 d
@'LLgkfl (t) -+ )‘k% (CL (t) U2k —1 (t)) = ng,1 (u, aop, al;t) (k‘ = 1, 2, ) s

2

s (1) + NS (1) g (1) + 204 (a (6) g (1) =

dt
= ng (u, ap, ai; t) (k = 1, 2, ) y

moreover

Fy. (u,a0,a1;t) = fi () +ao (t) ur (t) + a1 (t) gr (),

1

1
or = / o (@) Y (z) da, iy = / b (2) i (2) d,
0 0

1

1
Aty = [ F @0 V@) do g0 = [g@0 V@) de (k=01,.0).
0

0
Similar [4], from (18)-(21) we find:

1

Uuo (t) = %o +t¢0 +/(t_7_) FO (u7a07a1;7-) dT7
0

t t t
-2 [a(s)ds -2 [a(s)ds

t t

t t
-2 fa(s)ds -2 fa(s)ds
+/€ *r dT'¢2k1+/F2k—1 (u7a07a1;77) (/6 " dT) dna
0

0 n

t t t
—2 fa(s)ds —\2 [a(s)ds
ugy (t) = (6 o +a(0) )‘%/e " dT) Port

0

t t t t t
—\2 [a(s)ds —X2 [a(s)ds
—i—/e k£ dr - o, + /ng (u,ap,a1;n) (/e k£ d’T) dn—

0 0 n

(18)

(19)

(22)

(23)
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t n
o {/ [(a () = Namye "4

0

n n
—A2fa(s)d
+a(0) )2 a(n)—l—(a’(n)—)\iaz(n))/e k[ ) dr | | x
0

t
=22 fa(s)ds
X /6 " dr ClT] “Pop_1t

t
—\2 fa(s)d
X /6 kia ’ SdT dT] . ka—l—i—

n
—X2 fa(s)ds
R, d¢ | x

t [n K
—i—{ 41721@1 (u,a0,a1;&) |a(n)+ (a, (n) — AiaQ (77)) {e

t t
—X2 [a(s)ds
x(/e k£ ) dT)d?]}. (24)
n

After substitution of the expression uy (t) (k =0,1,...) in (16), for determining the
component u (x,t) of the solution of problem (1)-(3), (7),(8) we get

t

u(z,t) = goo—i-two—I-/(t—T)Fo(u,ao,al;T)dT T+
0

¢ t
00 =22 fa(s)d —22 [a(s)ds

+> e 0 + a (0) )\z/e & dr | Yop_1+
k=1

0
t —Ai}a(s)ds ' ' —)\i}a(s)ds
—i—/e T dr - o1 + /ngl (u,ap,a1;n) /e T dr | dn p xx
0 0 n
2 £ t 2
X COS A& + i eiAk{a(S)dS +a (0) )\z/e_/\k{a(S)dsdT Dot
k=1

t

t t t t
—\2 [a(s)ds —X2 [a(s)ds
+/e ~ dT-¢2k+/F2k(u7ao,a1;n) /6 2O g dn—

0 0 n
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t t
—X2 [a(s)ds
X (/6 k£ dT) d?’] : wk2—1+

n

t n n n
22 [a(s)ds
+/ /FQk 1 (u,a0,a1;€) |a(n) + — Aja® ( /e T dr|d§ | x
ol ¢

0

t t
-2 fa(s)ds
X (/e ki ( ClT) dn} } sin A\gx, (25)
n

Now, in order to get an equation for the component a; (t) (i = 0;1) of the solution
{u(x,t),a0 (t),a1(t)} of problem (1)-(3), (7), (8) we substitute expression (16) in
condition (7) (8)
d
ao (t) ho (t) + a1 (t) g (L, t) = hg (t) — f(1,t) + Z)‘kdt( a(t)ugk—1(t)),  (26)

ao (t) hy (t) + a1 (t) g (1/2,1) = By () — £ (1/2,8) +

33 (A (@ (B (). (21)
Assume that
h(t) = ho ()9 (1/2,6) i (1) (L) £0 (0 <t <T). (28)

Then, from (26) (27) we have
ap (t) = hil (t) {hg (t) - f (17t) g (1/2,t> - (hlll (t) - f (1/27t)) g (17t) +
+Svaa 0 (90/20 - 5 1P 0 | (20)

k=1

ay (t) = h™ (8) {ho () (ha (t) = f(1/2,8)) = ha () (hg (t) = f (1,8)) +
+§V2k 1(1) (ho } (30)

k=1
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where
9 t t 5 t
Voo (1) = {)\% (d (t) — N2 (1)) (ek’“{“(s)ds +a(0) A2 / eA’“[a(S)deT) _
0
t ) t
—Apa (t) a (0)] @1 + {Ai (a (t) = Nia® (1)) /e_Akia(S)dsdT — Xia (t)] Yop—1+

0
t

+/F2k—l (u,ap,a1;m) x
0

x ()\,3 (' (t) — A2a? (1)) / ¢ HEE L, (t)) . (31)

n

Proceeding from definition of solution of problem (1)-(3), (7),(8), we prove the fol-
lowing lemma.

Lemma 2. If {u(z,t),a0(t),a1 (t)} is any solution of problem (1)-(3), (7), (8),
the functions

1
g (t) = /u(w,t)Yk (@)de (k=0,1,..)
0

satisfy system (22)-(24).
From (22)-(24), (31) we have

T 1/2
luo ()l co,0) < [0l + T 4o +TVT (/ | fo (T)ZdT) +
0

- 1/2
+1% [lao ()l o7y luo (Dlleozy + TVT llar ()]l ogo.my (/ 190 (7)[? dT) o (32)
0

<§ <k3 || ugk—1 (t)|c[o,T})2> v <e (;;1 (kg ‘90%1‘)2) - T

k=1

o 1/2 T oo 2
+e2 <Z (K Wzkz—l‘)2> +e VT (/Z (k| far—1 (7)])? dT) +
0

9\ 1/2

+ oo Ol o (& (ks @llor)”) +
k=1

T 1/2
+VT [lar ()l ey (/kzl (K |g2k—1 ))sz) ; (33)
=
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00 2 1/2 00 2 1/2
(£ (¥ Olegn)’) " < (£ @heul)®) +

k=1
T

1/2
fT( §1<kf2k<7>>2d7) +

o 1/2
rea (5 loml?) 4o

0

00 2 1/2
AT s Oll oy ( 55 (s @llom)” )+

k=1

- 1/2 T oo v
rea (D) (£ (b |w2kr>2) tes (D) {ﬁ ( £ i m)sz) v
|2

+T ||ag (t >HC[0T (i (kHqu( HC’0T]> )1/2+

k=1
- 1/2
+VT [lar ()l g1y (/Z (k |gor (1 ) :
| k=1
- o 1/2 ~ N\ 12
(Z (k V21 (t)HC[O,T]> > < €6 <Z (K | @ok1]) ) +
k=1 k=1
1/2

8

N\ 12 D )
+e7 (Z (K |thar—1]) > +erq VT > (K | for-1 (7)]) +
k=1 i1

+T\ao()IICOT]< I )1/2+

>
k=1
T 1/2
+VT [lax ()]l oo,y (/ ) (K lg2x—1 ( dT) ;
0

k=

where

a(0)>’52=m\/;2753=\@(”a<0)>’

mo mo

51=\/5<

M? 1
€4 () V1 T<M1+M+M<M+TM1+>> ,
mo mo

V10T 1 1
&5 (T) = 12 <M+(M1+M2) m> —
0/ Mo

M
e¢ = 16V5m* <M1 + M? <1 + > +M2> ,
m

(34)

(35)



Proceedings of IMM of NAS of Azerbaijan 65
[On an inverse boundary value problem]

er = 4V5m? < (M1+M2)+M)

= mi < < = = ||a’
mo = min a (t) <a(t) _Orgltz%}%a (t) =M, M, Ha (t)

HC[O,T} :
Assume that the data of problem (1)-(3), (7), (8) satisfy the following conditions:
1. a(t)>0,a(t) € CH[0,T] for t € [0,T];
2. hi(t) € C%[0,T] and h; (t) #0 (i = 0,1) for t € [0,7T];
3. oz )605[0 1], 9 (z) € Ly (0,1), ) (0) = 0,
(x

P2 (0) = D (1) (5 = 0,1,2);
4. 1 (z) e C3 [0 1] YW (2) € Ly (0,1), v (0) =0,
w‘ St (0) = w@”” (1) (s =0,1,);
{9(@ D eoDr) (i=01,23), af(:ft)ELg(D ),
9> f (0,1) T (0,8) _ 9T f(1,1)
Ox2s =0, Or2s+1 = Ox2s+1 (S =0, 1) ;
% 4
6.898(;“ e C(Dr) (i=0,1,2,3), 8;) € Ly (Dr),
9*°g (0,1) *tlg(0,t)  9*tlg(1,1) _
225 0 gpestl | gp2stl (s =0,1);

7. h(t)="ho(t)g(1/2,t) —h1(t)g(1,t) #0 fort e [0,T].
Then, from (32)-(35) we have

luo (D) lcom < 20 (@)l py0,1) + 2T 190 (@)1 10,0y + 2TVT ||f (@, ) Loy +

2 ao O o e @Dz, + 27V las Ol 19 @ Dlymyy . (36)
(lgl (k:3 [l uok—1 (t)‘C[O,T}>2> v <
< 51£ " () HLQ 01) T €27 H¢ )HLQ(OJ) t
vea | Y2 @ Ollomy + T llao Ol 1 ., +
+\/? llax @) llcgo,r) 92 ($at)||L2(DT)] ; (37)
(gi (K luze <t>|c[o,ﬂ)2) " 2 1 Dl + o0 ¥ Oy +
+e9 \/? 1fa (@, )l Ly pry + T llao ()l o, HU(%t)HBg’T +
2 e 9 @D oy | +
te ) 2o @ -0 30w,
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beo 02 4! ) (1= 2) = @00+

+es5 (1) {\/ﬁ 1fa (2,8) (1= 2) = f (2,8l Lypyy

T lao (1) lcgo.ry 1 (2, 1) 13+

V2T
+ m

lar (Ol llgs (1) (1 - 2) - g (a, t>uL2<DT>} , (38)

00 2\ 1/2 \@
<E (k ||V2k—1 (t)HC[O,TO ) < & 1675 HSO(B) (:E)HLQ(O,l) 47T3 me )HL2(0,1) +

k=1

VaT
+er {47_(_3 | frzz (2, t)”Lg(DT) + T |lao (t)HC[O,T] [u(z, 75)||BS’,T +
\/7

Further, from (36)-(38) we find
(@, Dllgg, < A1 (T) + By (T) x

% (llao Ollcgory Il (@Dl gz, + lax B)llcpor) (40)

where

A (T) =2]l¢ (x)”LQ(o,l) +27T || (x)HLg(O,l) +2TVT I1f (xat)HLQ(DT) +

NG W
+61R " (= HL2 0.1) +52 Hw HL2 o1 T2 1z (@, Ol 1y ppy +
NG \/ﬁ
T ¢ (x) HLQ 01) T €27 Hw )HLQ(OJ) e 17z @ Dy F
\/> "
tea () 15 ¢ @ (L —2) = 3" @)

s (1) L2 0! @) (1= 2) = (@) 0+
wes (02D @) (1= 2) = £ @)y

V2T
B (T) = T2 +2TVT g (=, t)HLQ(DT) +ée2 (T + T lg= (2, t)HLz(DT) *

V2T
. <T 2 e ) oy ) +
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+%av<T+”mehm¢M1—m—guwwM@ﬂ>-

Further, from (29), (30) allowing for (39) we find

llao )l o,y < 187 ) oy

B 0~ £ (L0 g (1/2.8) — (B (1) ~ £ (1/2.0) 9 (L0 oz +
+(I9/2:0llcom + 5 I (1.0l ) =

V2
8 { %1675 HSO HL2(0,1) +67477T3 ”wm (x)HLg(O,l) +
V2T
+€ { A7 3 fomz (.T t)HLQ DT)7L

V2T
+T'{lao ()|l 0,1y ||U($,t)|\BgvT T lar (D)l 0,77 19222 (@ O Ly Dpy ¢ ¢

a1 (t )HCOT] Hh )HC[O,T] X

o {I1ho (8) (e (6) = £ (1/2,8)) = b (8) (G ) = £ (1/0) oy +

™

+ (I Ollcon + I Ollcrory) 75

V2
X { 16 1675 ng H L2(0,1) +E7H ”wm (I)HLQ(OJ)+
V2T
+€7{ ] foxx (l‘ t)HL2 (D) +

+T [lao ()l oo,y llw ('T’t)HBg’T + g lax ()l ¢jo,77 1922e (2, t)HLQ(DT)}} :
Hence we have :
a0 (o) < A2 () + B (T) (Jlao () logory I Dl g, + o (D)lego) » (41
lax ()l <

< A3 (T) + By (T) (llao (Ologor 1 (2 Ol g, + s Dl ) (42)

where

A2 (T) = Hh_l X

oo

< LR () = £ (1,8 g (1/2,8) = (] () = £ (1/2,6) g (LD oy +
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+ 2 (1902 Dlltom + 5 19 1Dl

V2
8 { 1675 HQO HL2(0,1) +87R HW” (x)HLfZ((),lPL

V2T }

ter s [ faza (2, )| £, (D)

By (T) = Hh_l (t)Hc[QT] % (||g(1/2vt)||C[O,T] + % ”9(1775)”0[0,T]> X

V2T
x <T+ o3 9222 (@) LoDy | 5

Az (T) = |[n7! t)HC[O,T] X

X {th (t) = f (1, 1) g (1/2,8) = (B (t) — f(1/2,1)) g (l’t)H(J[O,T] +
+75 (o Ol + I Dllcgory) <

V2
8 { %1675 HSO HL2(0,1) +87R HW” ("E)HLQ(O,1)+
/3T
ter——5 A3 | foaa (5 tx)”Lg DT)}

B3 (T) = ||~ HC[O /G (Hho( N + 171 (t)HC[O,T]) X

V2T
X (T + F Hga:q;x (‘T7t)HL2(DT) .

From inequality (40)-(42) we conclude:

HU(%t)HBg’T + llao O llcpo,ry + llar Ol oy <

< A@)+B@) (lao Oll o I . Dllpg., + lar Ollegory) . (43)
where

A(T) = A1 (T) + A2 (T) + A3 (T) ,

So, we proved the following theorem
Theorem 1. Let conditions 1-7 be satisfied and

B(T)(A(T) +2)(A(T) +3) < 1. (44)
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Then problem (1)-(3), (7), (8) has a unique solution in the ball
K = Kg (||z||E% <R=A(T)+ 2) from E3.
Proof. In the space E% consider the equation
z =Pz, (45)

where z = {u,ag,a1}, the components ®; (u,ap,a1) (i =1,2,3) of the operator
® (u,a) are determined by the right hand sides of equations (25), (29), (30), respec-
tively.

Consider the operator ® (u, ag,a1) in the ball K = K (HZHE% <R=A(T)+ 2)
from E%

Similar to (43) we get that the following estimations are valid for any z, 21, 22 €
Kp.

[@2 55 < AT) + B(T) (1l ,8) s llao Oy + lor Blleoy) - (46)
[@z1 — Pzl gy < B(T) (R+1) |21 — 22| g - (47)

Then, allowing for (44), it follows from inequalities (46), (47) that the operator
® acts on the ball K = Kp and is contractive. Therefore, in the ball, the operator
® has a unique fixed point {u, ag, a1} and this point is a solution of equation (45).

The function u(x,t) as an element of the space B%T is continuous and has
continuous derivatives uy (x,t) , uyy (z,1).

We can show that u; (z,t), ww (2,1), Uge (,t), ug (2,1), Uy (z,t) are contin-
uous on Dy, equation (1), conditions (2), (3), (7) are satisfied in the ordinary sense.
So, {u(x,t), ag(t), a1 (t)} is a solution of problem (1)-(3), (7), (8) and by lemma
2 it is unique. The theorem is proved. By means of lemma 1 we prove the following.

Theorem 2 Let all the conditions of theorem 1 and agreement conditions (5)
and (6) be satisfied.

Then problem (1)-(4) has a has a ubique classic solution in the ball K =
Kg (HZHE% <R=A(T)+ 2) from E3.
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