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ON THE STEIN-WEISS TYPE INEQUALITIES FOR
THE RIESZ POTENTIAL ON THE HEISENBERG

GROUP AND SOME APPLICATIONS

Abstract

In this paper we consider the Riesz potential on the Heisenberg group in the
weighted Lebesgue spaces Lp,|u|β (Hn). We establish two inequalities of Stein-
Weiss type for the Riesz potential Iαf , and obtain necessary and sufficient con-
ditions on the parameters for the boundedness of the Riesz potential operator Iα
from the spaces Lp,|u|β (Hn) to Lq,|u|−λ(Hn), and from the spaces L1,|u|β (Hn) to
the weak spaces WLq,|u|−λ(Hn) by using the Stein-Weiss type inequalities. In
the limiting case p = Q

β , Q = 2n+ 2, we prove that the modified Riesz potential

operator Ĩα is bounded from the space Lp,|u|β (Hn) to the weighted BMO space
BMO|u|−λ(Hn). As an application of these results, we prove the boundedness
of Iα from the weighted Besov spaces Bspθ,β(Hn) to Bsqθ,−λ(Hn).

1. Introduction
Heisenberg group appear in quantum physics and many parts of mathematics, in-

cluding Fourier analysis, several complex variables, geometry and topology. Analysis
on the groups is also motivated by their role as the simplest and the most important
model in the general theory of vector fields satisfying Hormander’s condition. In the
present paper we will prove Stein-Weiss type inequalities for the Riesz potential on
the Heisenberg group.

We state some basic results about Heisenberg group. More detailed information
can be found in [6, 8, 15] and the references therein. Let Hn be the 2n+1-dimensional
Heisenberg group. That is, Hn = Cn × R, with multiplication

(z, t) · (w, s) = (z + w, t+ s+ 2Im(z · w̄)),

where z · w̄ =
n∑
j=1

zjw̄j . The inverse element of u = (z, t) is u−1 = (−z,−t) and

we write the identity of Hn as 0 = (0, 0). The Heisenberg group is a connected,
simply connected nilpotent Lie group. We define one-parameter dilations on Hn,
for r > 0, by δr(z, t) = (rz, r2t). These dilations are group automorphisms and the
Jacobian determinant is rQ, where Q = 2n+2 is the homogeneous dimension of Hn.
A homogeneous norm on Hn is given by

|(z, t)| = (|z|2 + |t|)1/2.

With this norm, we define the Heisenberg ball centered at u = (z, t) with radius
r by B(u, r) = {v ∈ Hn : |u−1v| < r}, and we denote by Br = B(0, r) = {v ∈
Hn : |v| < r} the open ball centered at 0, the identity element of Hn, with radius
r. The volume of the ball B(u, r) is CQrQ, where CQ is the volume of the unit ball
B1.




