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ON BASICITY OF CLOSE SYSTEMS

Abstract

In the paper, the notion of Kp-closeness is introduced and a theorem on
basicity of Kp−close systems is proved. The obtained results generalize the
classic results of N.K. Bari and T. Kato.

Paley-Wiener type theorems [1] play an important role in establishing basicity in
this or other sense of systems in Banach spaces. Concerning history of this issue we
can consider the monographs of I.Zinger [2,3]. In the Hilbert case, there are different
variants of these theorems. Essential result in this direction belongs to N.K. Bari
[4]. Namely, let H be some Hilbert space with the norm ‖·‖. The systems {ϕn}n∈N ;
{ψn}n∈N ⊂ H are said to be quadratically close if

∞∑
n=1

‖ϕn − ψn‖
2 < +∞.

The system {ϕn}n∈N ⊂ H is called ω-linearly in dependent in H, if it follows

from
∞∑
n=1

λnϕn = 0 in H that λn = 0, ∀n ∈ N.

The Bari theorem. Let {en}n∈N ⊂ H be an orthormed (on-basis) in H and
{ϕn}n∈N ⊂ H be a system quadratically close to it. If {ϕn}n∈N is ω-linearly inde-
pendent in H, it forms a Riesz basis in H, i.e. a basis izomorphic to {en}n∈N .

Another kind of this theorem is in Kato’s monograph [5].
Theorem K. Let {ϕn}n∈N be an on-basis in H. Then the sequence {ψn}n∈N ⊂

H of non-zero vectors is a basis in H if

∞∑
n=1

(
‖ψn − ϕn‖

2 − |(ψn − ϕn, ψn)|2

‖ψn‖
2

)
< 1.

In the present note, one generalization of this theorem is given.

1. K-quadratically closeness. Accept the following
Definition 1. The systems {ϕn}n∈N ; {ψn}n∈N ⊂ B are said to be K-quadratically

close if
∞∑
n=1

(
‖ψn − ϕn‖

2 − |(ψn − ϕn, ψn)|2

‖ψn‖
2

)
< +∞.

The following theorem is valid
Theorem 1. Let {ϕn}n∈N be an on-basis in H and {ψn}n∈N ⊂ H be a system

K-quadratically close to it. Then the following statements are equivalent:
a) {ψn}n∈N is ω-linearly independent in H;
b) {ψn}n∈N is minimal in H;
c) {ψn}n∈N is complete in H;
d) {ψn}n∈N forms a basis in H;




