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EQUATION WITH A SPECTRAL PARAMETER
AND OPERATOR BOUNDARY CONDITIONS

Abstract

In a Hilbert space H , we consider a boundary value problem for a second
order elliptic differential-operator equation with a spectral parameter when one
of the boundary conditions, in the principal part, contains a linear unbounded
operator in H . A theorem on an isomorphism is proved and an appropriate
estimate of the solution with respect to the space variable and the spectral pa-
rameter is obtained. In this way, Fredholm property of the problem is shown.
Moreover, discreteness of the spectrum and completeness of a system of root
functions corresponding to the homogeneous problem are established. Finally,
applications of obtained abstract results for boundary value problems for elliptic
differential equations with a parameter in non-smooth domains are given.

1. Introduction

Boundary value problems for elliptic differential-operator equations were consid-
ered in monographs by S. G. Krein [1], A.A. Dezin [2], V. I. Gorbachuk and M.L.
Gorbacuk [3], S. Yakubov [4, 5], S. Yakubov and Ya. Yakubov [6], A. Ya. Shklyar [7]
and in many papers, for example, by H. Amann [8], R. deLaubenfels [9], A. Aibehe
[10, 11], S. Yakubov and B. A. Aliev [12], G.Dore and S. Yakubov [13], S. Yakubov
[14], B.A. Aliev and Ya. Yakubov [15] and others.

Let us discuss paper [14] because our work essentially concerns with it. In paper
[14], in a Hilber space H it was considered the following second order boundary value
problem for an elliptic differential-operator equation with operator (in perturbed
terms) boundary conditions:

L(λ,D)u: = λu(x)− u′′(x) +Au(x) + (A1u)(x) = f(x), x ∈ (0, 1), (1.1)

Lku: = αku
(mk)(0) + βku

(mk)(1)+

+

Nk∑
j=1

γkju
(mk)(xkj) + Tku = fk, k = 1, 2,

(1.2)

where λ is a spectral parameter; mk ∈ {0, 1} ; αk, βk, γkj are complex numbers;
xkj ∈ (0, 1); A is a linear closed, densely defined operator in H with the resolvent
decreasing as |λ|−1 for sufficiently large |λ| in some sectors, containing a negative
semi-axis; A1 is an operator in Lp((0, 1);H), p ∈ (1,∞) ; Tk are operators from

Lp((0, 1);H) into H; D:=
d

dx
. Under suitable conditions on all data, a coercive

estimate and an isomorphism for a solution of problem (1.1)-(1.2) in Lp((0, 1);H)
are established, Abel basis property of a system of root functions corresponding
to homogeneous boundary value problem of (1.1)-(1.2) in the space L2((0, 1);H)
is studied, sufficient conditions for the Fredholm property of problem (1.1)-(1.2),




