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THE BASIS PROPERTIES OF THE SYSTEM OF
ROOT FUNCTIONS OF STURM-LIOUVILLE

PROBLEM WITH SPECTRAL PARAMETER IN
THE BOUNDARY CONDITION

Abstract

We consider the Sturm-Liouville equation

−y′′ (x) + q (x) y (x) = λy (x) , x ∈ (0, 1)

subject to the boundary conditions

b0y (0) = d0y
′ (0) ,

(a1λ+ b1) y (1) = (c1λ+ d1) y′ (1) ,

where λ is a spectral parameter, q is a continuous real valued function on [0, 1],
b0, d0, a1, b1, c1, d1 are real constants, such that |b0|+|d0| 6= 0, σ1 = a1d1−b1c1 <
0.

Necessary and sufficient conditions are given for basicity in the space Lp (0, 1),
p ∈ (1,∞), of the system of root functions of this problem.

1. Introduction

We consider the spectral problem

(ly) (x) ≡ −y′′ (x) + q (x) y (x) = λy (x) , x ∈ (0, 1) , (1.1)

b0y (0) = d0y
′ (0) , (1.2)

(a1λ+ b1) y (1) = (c1λ+ d1) y′ (1) , (1.3)

where λ is a spectral parameter, q is a continuous real valued function on [0, 1],
b0, d0, a1, b1, c1and d1 are real constants, such that |b0| + |d0| 6= 0 and σ1 = a1d1 −
b1c1 6= 0.

Boundary value problem for ordinary differential operators with a spectral pa-
rameter in the boundary condition have been extensively studied (see, e.g., [21; 19;
18; 5; 6; 20; 3; 4; 13; 8; 16; 12; 15; 9-11]). Problems of such type arise upon separa-
tion of variables in one dimensional wave and heat equation for a varied assortment
of physical problems. The works [6,8,9] have extensive bibliographies where such
problems were associated with particular physical process.

In the case of σ1 > 0 in [6], problem (1.1)-(1.3) is associated with a self-adjoint
operator L in the space H = L2 (0, 1) ⊕ C, where C is weighted by σ−1

1 , so H is
a Hilbert space. In this case the eigenvalues of problem (1.1)-(1.3) (either of the
operator L) are real and simple. In [6] the completeness of the eigenvectors of L and
expansion theorem in the space H are proved. The use of the eigenvector expansion
is illustrated by applying it to solve a heat-conduction problem for a solid in contact
with fluid. In papers [12] and [8] the basicity in L2 (0, 1) and Lp (0, 1), p ∈ (1,∞),




