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ON A BANACH GENERALIZATION OF KATO
THEOREM ON BASICITY OF CLOSE SYSTEMS

Abstract

In the paper, one Banach generalization of Kato’s known theorem on basicity
of the system that is obtained by perturbation of a system orthonormed in the
Hilbert space, is given.

Theorems of type on basicity of close in that or other sense systems in Hilbert
spaces apparently appeared first in the papers of Pale-Wiener ([see [1]). Then, there
were numerical papers in this direction that may be considered in the monographs
of I.Singer [2;3]. It should be notices that in the Hilbert case of the considered
case there are different variants of such theorems. One direction is related with
generalizations of N.K.Bari’s known theorem [4] on Riesz basicity of a perturbed
system quadratically close to the orthonormed basis.

Another variety of these theorems are in T.Kato’s monograph [5]. Recall this
result.

Theroem K. Let {ϕJ} be a complete orthonormed system in the Hilbert space
H. Then, the sequence {ψJ} of non-zero vectors is a basis in H if

∞∑
J=1

(
‖ψJ − ϕJ‖

2 − |(ψJ − ϕJ , ψJ)|2

‖ψJ‖
2

)
< 1.

In the present paper, we give one generalization of this result on a Banach case.
At first we give some necessary notion.

1. Necessary notion and fats. Accept the following definition.
B-space is a Banach space;
H-space is a Hilbert space;
(·, ·)X is a scalar product in X;
‖·‖X is a norm in X.
Definition 1. The systems {ϕn}n∈N ; {ϕn}n∈N ⊂ X in H-space X is said to

be Kp close, if
∞∑
n=1

rp (ϕn;ψn) < +∞,

where r(x; y) =

√
‖x− y‖2X −

√
|(x−y,y)|2

‖y‖2X
,

‖·‖X is generated by a scalar product (·, ·)X .
Consider the notion of ω-linear independence of the system.
Definition 2. Let X be a B-space and {xn}n∈N ⊂ N be some system. This sys-

tem is called ω-linearly independent in X if it follows from the relation

∞∑
n=1

anxn = 0

that an = 0, ∀n ∈ N .
It is obvious that if the system is minimal, then it is ω-linearly independent, but

the inverse is not true.
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Call the case p = 2 a K-quadratic closeness. While establishing necessary facts,
we’ll need the following easily provable lemmas.

Lemma 1. Let {xn}n∈N form a basis in the B-space X; F :X → X be Fredholm
operator and yn = Fxn, ∀n ∈ N . Then, the following properties of the system
{yn}n∈N are equivalent:

1) {yn}n∈N is ω-linearly independent in X;
2) {yn}n∈N is minimal in X;
3) {yn}n∈N is complete in X;
4) {yn}n∈N forms a basis isomorphic to {xn}n∈N in X.
Lemma 2. Let {xn}n∈N be a basis in X and card {n:yn 6= xn} < +∞. Then,

the statement of lemma 1 is valid for the system {yn}n∈N .
1) Let Xi, i = 1; 2 be some B-spaces with the norms ‖·‖i , i = 1; 2 respectively.

They say that X1 is continuously imbedded into X2 if X1 ⊂ X2 and ∃m > 0:

‖x‖2 ≤ m ‖x‖1 , ∀x ∈ X1.

Briefly, it is denoted as X1 ↪→ X2. A operator p: X1 → X2 denoted by the expression
p(x) = x, ∀x ∈ X1 is said to be an embedding operator. Thus,

‖p‖ = inf {m: ‖x‖2 ≤ m ‖x‖1 , ∀x ∈ X1} .

Definition 3. The basis {en}n∈N ⊂ X in B-space X with conjugated {e∗n}n∈N ⊂
X∗ is said to be a q-basis if {e∗n(x)}n∈N ∈ lq, ∀x ∈ X.

2. Main result. The following analogy of Kato theorem is valid.
Theorem. Let a H-space H be continuously imbedded into B-space X, the

system {ϕn}n∈N ⊂ H form a q-basis in X and the system {ψn}n∈N ⊂ H be Kp-

close to it in H, where 1 ≤ p < +∞, 1

p
+

1

q
= 1. Then, the following properties of

{ψn}n∈N in X are equivalent:
1) {ψn}n∈N is complete in X;
2) {ψn}n∈N is minimal in X;
3) {ψn}n∈N is ω−linearly independent in X;
4) {ψn}n∈N forms a basis in X.
Proof. By the conditions of the theorem it holds

‖x‖X ≤ m ‖x‖H , ∀x ∈ H,

where the norm ‖·‖H is generalited by a scalar product (·, ·) in H. It is obvious that
the system {ψn}n∈N is complete, minimal, ω-linearly independent or forms a basis
in X if and only if the system {ρnψn: ρn 6= 0}n∈N possesses these properties in X.
Choose ρn from the relation:

‖ρnψn − ϕn‖H = min ρ ‖ρψn − ϕn‖H .

Following the paper [5], denote by Pn an orthogonal projector onto a subspace
generated by the element ψn. We have (I:H → H is an identity operator):

In = ‖ρnψn − ϕn‖
2
H = ‖(I − Pn)ϕn‖

2
H = ‖(I − Pn) (ϕn − ψn)‖2H =

= ‖ϕn − ψn‖
2
H − ‖Pn (ϕn − ψn)‖2H = ‖ϕn − ψn‖

2
H −

|(ϕn − ψn, ψn)|2

‖ψn‖
2
H

.
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Thus,

∞∑
n=1

‖ρnψn − ϕn‖
p
X ≤

∞∑
n=1

‖ρnψn − ϕn‖
p
H = mp

∞∑
n=1

rp(ϕn;ψn) < +∞,

i.e. the systems
{
ψ̃n = ρnψn

}
n∈N

and {ϕn}n∈N are p-close in X.

Now, take ∀x ∈ H and consider the operators Tm: H → lq:

Tmx = {ϕ∗n(x)}mn=1 ,

where {ϕ∗n(x)}n∈N ⊂ H is a system conjugated to the basis {ϕn}n∈N and∥∥{an}n∈N∥∥lq =

( ∞∑
n=1

|an|q
)1/q

.

It is obvious that for ∀x ∈ H, the sequence {Tmx}m∈N is bounded in lq:‖Tmx‖ ≤
Mx, ∀m ∈ N, where Mx is a constant dependent only on x. Now, by Banach-
Steinhaus theorem [6], for the operators we get that supm ‖Tm‖ < +∞.

Consequently, the expression

Tx =
∞∑
n=1

ϕ∗n(x)
(
ψ̃n − ϕn

)
, ∀x ∈ X,

generates a completely continuous operator T : X → X. This is established similar
to the paper [7]. For completeness of the statement, we give the appropriate proof.
Consider the operators Tm:X → X, m ∈ N :

Tmx =
m∑
n=1

ϕ∗n(x)
(
ψ̃n − ϕn

)
.

It is clear that Tm is finite-dimensional. It directly follows from the relation∥∥∥∥∥
k+p∑
k

ϕ∗n(x)
(
ψ̃n − ϕn

)∥∥∥∥∥ ≤
k+p∑
k

|ϕ∗k(x)| ·
∥∥∥ψ̃n − ϕn∥∥∥ ≤

≤

(
k+p∑
k

∥∥∥ψ̃n − ϕn∥∥∥p
)1/p(k+p∑

k

|ϕ∗k(x)|q
)1/q

≤M

(
k+p∑
k

∥∥∥ψ̃n − ϕn∥∥∥p
)1/p

‖x‖ ,

that the expression
∞∑
n=1

ϕ∗n(x)
(
ψ̃n − ϕn

)
,

represents some element Tx from X:

Tx =
∞∑
n=1

ϕ∗n(x)
(
ψ̃n − ϕn

)
.

It is clear T is a linear operator. The more so, it follows from

‖(T − Tm)x‖ =

∥∥∥∥∥
∞∑
n+1

ϕ∗n(x)
(
ψ̃n − ϕn

)∥∥∥∥∥ ≤M
( ∞∑
m+1

∥∥∥(ψ̃n − ϕn)∥∥∥p
)1/p

‖x‖ ,
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that ‖(T − Tm)‖ → 0, m→∞ and a as result T is completely continuous.
So, F = IX + T, (IX : X → X is an identity operator) F :X → X is a Fredholm

operator. It is easy to see that Fϕn = ψ̃n, ∀n ∈ N. The further one obviously
follows from lemma 1.

The theorem is proved.
Remark 1. It follows from lemma 2 that in theorem K it suffices to require the

fulfilment of the condition
∞∑
n=1

r2(ψn;ϕn) < +∞.

Then, the properties of the system {ψn}n∈N to be complete, minimal, ω-linearly
independent and to be a basis in X are equivalent.

Remark 2. It should be noticed that if while proving Theorem K the found ρn
satisfy the condition

0 < inf
n
ρn ≤ sup

n
ρn < +∞,

the systems {ϕn}n∈N and {ψn}n∈N are isomorphic in H. Indeed, as it follows from
the proof it holds

∞∑
n=1

‖ρnψn − ϕn‖
2 < +∞.

Then, by the results of N.K. Bari [4], the system {ρnψn}n∈N forms a Riesz basis in
H. The further one directly follows from the Lorch theorem [8].
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