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ABOUT SOLUTIONS OF ALGEBRAIC SYSTEMS

Abstract

For some algebraic system polynomial depending on variables it is given the

sufficient conditions of the existence and reality of solutions.

Let the algebraic system bea0,i +

k1,i∑
k=1

a1,k,ix
k
1 +

k2,i∑
k=1

a2,k,ix
k
2 + ...+

kn,i∑
k=1

an,k,ix
k
n

 = 0 (i = 1, 2, ..., n) (1)

In (1) 1-st index of factor ar,k,i specifies an index of a variable xr; k there is a

degree from which xr entering in i−th the equation of system (1).

In the present work the sufficient condition of existence of solutions of system

(1) is given, and also determinants of Cramer for system (1) are constructed. At

the proof concepts and the outcomes known from works [1-5], concerning to the

multiparameter spectral theory are essentially used. We reduce some definitions

which knowledge is necessary for understanding of the further account.

Let the multiparameter system is set

Ai(λ)xi =

(
Ai,0 +

n∑
k=1

λkAi,k

)
xi = 0, i = 1, 2, ...n (2)

where operators Ai,k act in finite-dimensional Evklid spaces Hi.

λ = (λ1, λ2, ..., λn) ∈ Cn, H = H1 ⊗H2 ⊗ ...⊗ Hn is a tensor product of spaces

H1, H2, ...,Hn.

Definition1. λ = (λ1, λ2, ..., λn) ∈ Cn is an eigenvalue of system (2) if such

nonzero elements xi ∈ Hi(i = 1, 2, ..., n) exist that (2) is fulfilled, a tensor x =

x1 ⊗ x2 ⊗ ...⊗ xn is name an eigenvector of system (2).

Definition2. In [1] for system (2) analogs determinant of Cramer, determined

as follows, are introduced: on decomposable tensors x = x1⊗x2⊗ ...⊗ xn operators

∆i are set by means of equality

n∑
i=0

αi∆ix = ⊗



α0 α1 α2 · · αn

A1,0x1 A1,1x1 A1,2x1 · · A1,nx1

A2,0x2 A2,1x2 A2,2x2 · · A2,nx2

A3,0x3 A3,1x3 A3,2x3 · · A3,nx3

· · · · · ·
An,0xn An,1xn An,2xn · · An,nxn

,


(3)

where α0, α1, ..., αn arbitrary complex numbers, and expansion of a determinant (3)

is understood as its formal expansion when as product of elements undertake them

tensor products.
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If αk = 1, αi = 0 at i 6= k ( 3) is ∆kx where x = x1⊗ x2⊗ ...⊗ xn. On all other

elements of space H the operator ∆i is determined on linearity and a continuity.

Definition 3. An operator A+
1,k = A1,k ⊗ E2 (accordingly,A+

2,k = E1 ⊗ A2,k)

where E1 (accordingly,E2) is identical operator in H1 (accordingly,H2), is named by

operators, induced in H = H1 ⊗H2 with help of operator A1,k (accordingly,A2,k).

Definition 4. A tensor xm1,m2 is named by (m1,m2)- th the associated vector

to an eigenvector x0,0 = x1 ⊗ x2 if following conditions [3] are satisfied∑
0≤r1≤ki

1

r1!r2!

∂rA+
i (λ, µ)

∂r1λ∂r2µ
xk1−r1,k2−r2 = 0, ks ≤ ms, i = 1, 2. s = 1, 2,

where (k1, k2) there are arrangements from set of the whole nonnegative numbers on

2 with possible recurrings and zero.

From [1] it is known, that if ∆−1
0 exists, operators Γi = ∆−1

0 ∆i, i = 1, 2, ..., n

pairwise commute, and also the formula is fair

A+
i,0 +A+

i,1Γi + ...+A+
i,nΓn = 0, i = 1, 2, ..., n (4)

where

A+
i,k = E1 ⊗ E2 ⊗ ...⊗ Ei−1 ⊗Ai,k ⊗ Ei+1 ⊗ ...⊗ En, Es(s = 1, 2,...,n)

there is an identical operator of space Hs.

If (∆0x, x) ≥ δ(x, x) for all x ∈ H, δ > 0, all Ai,k are selfadjoint operators in

Hi. A inner product [..] in H is introduced in such a manner that on decomposable

tensors x = x1 ⊗ x2 ⊗ ... ⊗ xn, y = y1 ⊗ y2 ⊗ ...yn we have [x, y] = (∆0x, y), where

(x, y) =
n∑

i=1

(xi, yi), and (xi, yi) is a inner product in Hi.On all other elements of

space H the inner product is determined on linearity. With such metric operators

in H operator Γi appear selfadjoint.

In (1) we shall introduce following labels: kr = max kr,i, i = 1, 2, ..., k; x1 = λ1,

x21 = λ2, ..., x
ki
1 = λk1 , x2 = λk1+1, ..., x

k2
2 = λk1+k2 , ...,

xs = λk1+k2+...+ks−1+1,...,x
r
s = λk1+k2+...+ks−1+r,...,x

kn
n = λk1+k2+...+kn

(5)

And, accordingly,

ar,s,i = dk1+k2+...+ks−1+s,i, r = 1, 2, ..., n; s = 1, 2, ..., kr; i = 1, 2, ..., n

In new labels in tensor product R ⊗ R ⊗ ...⊗ R (n of times) the system (1) can be

noted in the form of{
n∑

r=0

kr∑
k=1

(dk1+k2+...+ks−1+k,iλk1+k2+...+ks−1+k)xi = 0

k0 = 0; k−i = 0; i = 1, 2, ..., n,

(6)
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where xi ∈ R eigenvectors of i−th equation from (6).

Thus, we have linear concerning variables λ1, ..., λk1+k2+...+kn the algebraic sys-

tem, containing of n the equations.

Let’s add system (6) by means of the auxiliary equations

(t2 + λ1t0 + λ2t1)xn+1 = 0

(λ1t2 + λ2t0 + λ3t1)xn+2 = 0

........................................

(λk1−2t2 + λk1−1t0 + λk1t1)xn+k−1 = 0

(t2 + λk1+1t0 + λk1+2t1)xn+k1 = 0

...........................................

(λk1+k2−2t2 + λk1+k2−1t0 + λk1+k2t1)xn+k1+k2−2 = 0

............................................(
t2 + λk1+k2+...+kn−1+1t0 + λk1+k2+...+kn−1+knt1

)
xk1+...+kn−1+1 = 0

............................................

(λk1+k2+...+kn−2t2 + λk1+k2+...+kn−1t0 + λk1+...+knt1)xk1+k2+...+kn = 0,

(7)

where operators t0, t1, t2 are set by means of matrixes

t0 =

(
0 1

1 0

)
t1 =

(
1 0

0 0

)
, t2 =

(
0 0

0 1

)
(8)

In space R2 the equations (5) in the further will realize connections between param-

eters λi according to requirements of system (1).

((4), (5)), considered together, form the multiparameter system consisting of

k1 + k2 + ...+ kn the equations and containing k1 + k2 + ...+ kn parameters.

Such systems are studied in the spectral theory of multiparameter systems, in

works [1], [2], [3], [4], etc. Analogs of determinants of Cramer

are determined by means of the formula (3). Operators ∆i; Γi = ∆−1
0 ∆i act in

space H = R ⊗ ... ⊗ R ⊗ R2 ⊗ ... ⊗ R2, and R is repeated in this tensor product n

times, and R2 repeats time k1 + k2 + ...+ kn − n.

Thus, H = R2k1+k2+...+kn−n
and the determinant ∆0 looks like

a+1,1,1 a+1,2,1 a+1,3,1 ... a+1,k1,1 ... a+n,1,1 ... a+n,kn,1
· · · ... · ... · ... ·

a+1,1,n a+1,2,n a+1,3,n ... a+1,k1,n ... a+n,1,n ... a+n,kn,n
t+0,n+1 t+1,n+1 0 ... 0 ... 0 ... 0

t+2,n+2 t+0,n+2 t+1,n+2 ... 0 ... 0 ... 0

· · · ... · ... · ... ·
0 0 0 ... t+1,n+k1−1 ... 0 ... 0

· · · ... · ... · ... ·
0 0 0 0 0 0 0 ...t+1,k1+...+kn

0

0 0 0 0 0 0 0...t+

2,

n∑
i=1

ki

t+

0,

n∑
i=1

ki

t+

1,

n∑
i=1

ki
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By means of expression a+k,i,j , t
+
i,j the operators induced in space R with help of

operators ak,i,jE and ti,j , correspondingly, are designated. Operators ∆i ((i =

1, 2,...,k1 + k2+...+kn) are under construction by means of an operator ∆0, if i−th

column in expression of an operator ∆0 to substitute a column from elements

(a+0,1,...,−a
+
0,n,−t

+
2,n+1, 0, ...,−t2,n+k1−1,..., 0,...,−t+2,k1+k2+...+kn−1+1, 0,...)

Theorem. Let following conditions are satisfied: ai,k,s ≥ 0, (∆0x, x) ≥
≥ δ(x, x), δ > 0 KerΓk1+k2+...+kr−1+1 = θ, r = 1, 2,...,n − 1. Then for all solutions

(x1, x2, ..., xn) systems (1) it is had xi ≥ 0.

Proof. We shall show, that on eigenvectors of each of the equations (5) connec-

tions between parameters λi, in view of the labels introduced in (3), correspond to

connections between and its his degrees in (1).

Let’s take 2 of the equations from (7). Let it will be the equations

(t2 + λ1t0 + λ2t1)xn+1 = 0

(λ1t2 + λ2t0 + λ3t1)xn+2 = 0

(10)

As in (10) λ1 6= 0 also xn+1 = (α1, β1) there is an eigenvector of the first equation

from (10), i.e. is had((
0 0

0 1

)
+ λ1

(
0 1

1 0

)
+ λ2

(
1 0

0 0

))
(α1, β1) = 0,

or λ1β1 + λ2α1 = 0, β1 + λ1α1 = 0, λ2 6= 0; λ2 = λ21.

Further, from conditions λ1 6= 0, λ2 6= 0, xn+2 = (α2, β2) 6= 0 equalities follow

λ2β2+λ3α2 = 0, λ1β2+λ2α1 = 0. And, hence λ1λ3 = λ22 earlier we have proved,

that λ2 = λ21, hence λ3 = λ31.

By analogy for other equations, if (λ1, λ2,...,λk1+k2+...+kn) there is an eigenvalue

of system ((6), (7)) equalities are fair

λ4 = λ41,...,λk1 = λk11 ,...,λk1+k2+...+kr+s = λsk1+k2+...+kr+1,

r = 1, 2,...,n− 1; s = 1, 2,...,kn.

(11)

The condition Ker∆−1
0 = {θ}means, that operators Γi = ∆−1

0 ∆i pairwise commute.

Besides operators Γi act in finite-dimensional space H, operators Γ
k1+k2+...+kr−1+1

have nonzero eigen value. From [1] follows, that each eigenvalue of system ((6),

(7)) (λ1, λ2,...,λk1+k2+...+kn) and corresponding an eigenvector z satisfy to equali-

ties Γiz = λiz, i = 1, 2,...,k1 + k2 + ...+ kn.

Besides from connections between parameters λi of multiparameter system ((6),

(7)) and formulas (11),it follows, that

Γk1+k2+...+kr−1+sz = xsrz, r = 1, 2, ..., n; k0 = 0, s = 1, 2, ..., kr
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In conditions of the theorem multiparameter system ((6), (7)) selfadjoint, oper-

ators Γi act in finite-dimensional spaces. Hence, the system of eigenvectors of each

operator Γi forms base in space H. In case the multiparameter system ((6), (7))

selfadjoint, that takes place, when numbers ak,i,j complex the system of eigen and

associated vectors of each of operators Γi also forms base in space H. At realiza-

tion of conditions of the theorem conditions of theorem Atkinson [1] is satisfied. In

consequence this all statements of Atkinson’s theorem are fulfilled, separation of a

spectrum of system ((6), (7)), in particular, takes place, that is for any eigenvalue

(λ1, λ2,...,λk1+k2+...+kn) multiparameter system ((6), (7)) there is a vector x ∈ H
such, that Γiz = λiz, i = 1, 2,...,k1 + k2 + ...+ kn. Considering last statement and a

condition of the theorem that KerΓk1+k2+...+kr−1+1 = θ; r = 1, 2, ..., n − 1 is had,

that all λi 6= 0.

From theorem Atkinson’s the existence and a reality of a spectrum of a multipa-

rameter system (6),(7) follows also. From our constructions it is followed, that the

eigenvalues of multiparameter system (6),(7) coincide with the solutions of (1).

Thus, considering labels (5), we state, that the system (1) has solutions, and all

solutions (x1, x2, ..., xn) of system (1) are real, i.e. Imxi = 0, i = 1, 2, ..., n.

In summary we express gratitude doctor of mathematics B.T.Bilalov for atten-

tion to work and valuable advice at arguing outcomes of the given paper.
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