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ON APPROXIMATION OF FUNCTIONS BY GEGEN
BAWER SINGULAR INTEGRALS

Abstract

In paper [1] we considered a problem on approximation of locally summable
functions by Gegenbawer singular integrals. Here, we introduce the notion of
Gegebawer singular integral with identical approximation kernel and clarify their
convergence both in the nutric of the space Ly x and at typical points of Lebesgue
type. The obtained results are the analogies of appropriate results from the
monograph [3].

Denote by

T(A+1) 7 1
Ag\f(x):(12)/f(;vt—\/3/;2—1\/752—1cos<p)(singp)2)‘_1d<p, 0< A<,

ESEVY, 2

[\

a generalized shift function [1], by L, x[1,00) 1 < p < 00, a class of functions with
finite norm

o = | 150 @2 -1 hae ] or 159 <00
1
[flloox = [Iflloe = vraisup |f(z)].
z€[1,00)

Let f,g € L1 x[1,00). The operator
(e.0)
/g VAN f () (u —1)/\7%du.
1

is a convolution of these functions.
the convolution exists almost everywhere on [1,00) moreover (f * g) € Ly ).

1. Gegenbauer singular integrals and these convergence
Let the parameter 7 € G C R and 7 be a concentration point of this set.
Definition 1.1. The function K)(x) determined on [1,00) and dependent on
the parameter T is said to be a kernel if K}(z) € L1 A[1,00) for any 7 € G and the
following equality is fulfilled:
oo

lim [ KMa2) (22— 1) 2de =1 (1.1)
T—T0
1

Definition 1.2. It for the kernel K} (x) the condition

‘me“gM<m, (1.2)
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are fulfilled uniformly with respect to T € G and

o0
lim / ‘Kj(x)‘ (22 — 1) 3dz =0, (1.3)
T—T0

ché

for any 6 > 0, then it is called an identical approrimation kernel.
Definition 1.3. It K} (z) is a kernel, the expression

D) = [ (& = )M s KA e (1.4)
1

is said to be a singular Gegenbauer integral.
Theorem 1.1. For any f € L, [1,00) (1 <p < o0) the equality

. Ap _
t—I}{I-}-OHAtf pr,A 0 (1.5)
s valid.

This results was obtained in [2].

Theorem 1.2. Let f € L, [1,00) and K}(z) be a kernel. Then L} f(z) €
Ly [1,00) and the inequality

1s valid.

Inequality (1.6) follows the convolution property if we take into account that
Ly f(z) = (f * K})(x) (see [4], p. 1082).

Theorem 1.3. It f € L,)[l,00), 1 < p < oo then for Gegenbauer singular
integral (1.4) with identical approzimation the equality

Ly f

<|If

‘m PA ‘Kﬁ(')HLX (1.6)

=0
DA

LYf—f

lim
T—T0

is valid.
Proof. From (1.4) we have

L} f(x) = f(z) = / [Agf@) — f(2)| K2 (w)(u? — 1) 2du+
1

@) | [ RA@2 -1 -1
1

Using Minkovskiy’s generalized inequality [5], p. 17)

[ [ f.way PR / L/ﬂx,y)pdx i
Y

X LY
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we get

L - pr,A <

1/p

+ /K-i\(u)(qﬂ _ 1))\*%du —1 /|f(x)|P ($2 . 1))\7%dx <
! 1

< fHAéf - pr’A (Ki(u)| (u? — 1) 2du + 11, 7K;\(u)(u2 — 1) rdu— 1]
1 1

The second summand tends to zero as 7 — 7¢ by (1.1). For the first one we have

ché o)

A= /+/ ‘K;\(u)’ HAgf—me (W2 — 1) 3du = Ay + Ay.

1 chéd

By theorem 1.1 Ve > 0 3§ = d(¢) > 0 such that HAf;f - prA < € as soon as
u < 1+ ¢ and therefore by (1.2)

chéd
A < 5/ ‘K;\(u)‘ (u? — 1)’\_%du < eM.
1

By (1.3) A2 — 0 as 7 — 79 since by lemma 2 from [2]
|a2r -] | = ads
DA

This proves the theorem.

| 1l <20l

Weak convergence of Gegenbauer singular integrals to the function Lo »[1,00)
also holds in the space f(x).
Theorem 1.4. Let f € Lo ) and the kernel KMNz) of Gegenbauer singular

integral is an identity approzimation kernel. Then for any function g € Li, the
equality

o0

lim [ [L2f(2) — f(x)]g(x)(2® — 1) 2dz = 0.

T—T0
1

1s valid.
Proof. It is easy to show that
1) = [IE2(@) - F@lgle)(e? ~ )N Hda =
1

o0 o0

[o@){ [ [25@ - @] K20 - 13+ @) ¢

1
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X

/Kj(u)(lﬂ — 1) 2du — 1] } (22 — 1) 2dz = Jy(7) + Jo(7). (1.7)
1

Since
Ji(r) = / KN(u) { / g(@) [A2 (@) — f(@)] (2 - 1>A%dx} (u? — 1) du,
1 1

then using the equality

[ 9@ [4250) - 1@)] @2 192 =

1

= [ 1) [Alg(@) - g()] 2* = D},
1

that follows from the symmetry property of convolution [2], lemma 3), we get

[e.o]

1 < o [ 20| 42— o] (2 = 1 bau =
1 9

ché oo
= 1l ( [+] ) 2 w)| |4y — g @2 1) <

1 chd
< M(Jya(r) + Jia(1)). (1.8)

By theorem 1.1 Ve > 0 30 = §(e) > 0 such that inequality ||A}g — ng , <e€
holds as soon as u € (1,chd). But then

[Jia(T)] <e. (1.9)
By lemma 2 from [2]
Adg — H <2 :
|4k -], <2lal

But then
o0
a0l < 2l [ K30 02 - 1w
ché
Hence and from (1.3) it follows that

T—T0

Concerning the integral Ja, by (1.1)

lim Jo(7) = 0. (1.11)

T—T0
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Taking into account (1.9) and (1.10) in (1.8), we see that

711)11;10,]1,(7') = 0. (1.12)
The statement of the theorem follows from (1.7) if we take into account (1.11)
and (1.12).
Remark 1. Condition (1.1) is equivalent to the condition

o0

lim [ K2 (chu)sh®udu =1, (1.13)

T—T0
0

the condition (1.3) to the condition

T—T0

(o)

lim / ‘Kﬁ‘(chu)‘ sh® udu = 0. (1.14)
é

As realization of the theorems proved above, we consider the average

A 22+ A 2\
S f(z) = (shryBet /Achuf(x)sh udu. (1.15)
0

Let the parameter r € (0,00) and r — ro = 0.

Assume
(2A + 1)(shr)=22"1 2 € (0,7)

Kchu) = { 0, z € [r,o0) (1.16)

Show that the function (1.16) is an identity approximation kernel. Really, it
follows from (1.13) and (1.16) that i.e. (1.3) holds for

o T

22 +1
: by 2\ s oA, g
71_13% K2 (chu)sh**udu = llg(lj P /sh udu
0

T

22+ on g (T ML
—l%W/“ du=lim (G0) 7 =1
0

The condition (1.14) follows from the definition of (1.16).
It remains to prove property (1.2).

r

2\
A\ 22 +1 /sh”‘udu < 2N+ 1)rsh** (2A+ 1)r

HKT (.)Hl,)\ © (shr)2Atl - S22 +1<2.
0

(shr)2A+1 shr

Thus, integral (1.15) is Gegenbauer singular integral and according to theorems 1.2
and (13) the following conjecture is valid for it.
Conjecture 1. It f € L, ), 1 < p < oo then the relation

a) [[SAf], 0 < @A+ 1) [1£]] 0 -
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b) lim ||S}f = £|[ , | = 0 hold.

2. On convergence of Gegenbauer singular integrals at typical points

In the previous section we proved theorems on strong and weak convergence of
Gegenbauer singular operators in the spaces L, . Here, we consider the problems on
convergence at separate points reminding the Lebesgue points and Lebesgue points
of order p.

Definition 2.4. Let f € L, ,[1,00), 1 <p < oo. The point x € [1,00) is called
(L-Q), Lebesgue-Gegenbauer point of the function f if at this point the equality

—(22+1 r
lim (sh%) ATy / ‘Ag,wf(x)— F@)| sh? et = 0

T7—0

1s valid.
Theorem 2.5. Let f € Ly [1,00). The identity approximation kernel K chu)
have a derivative and satisfy the following conditions:

lim sup ’Kﬁ‘(chu)’ =0 (2.1)

T—)Touzls

/
/‘[Kﬁ‘(chu)}
0
forany 0 < d and T € G.

Then, at each (L-Q)i-point = € [1,00) of the function f(z) the equality
lim L} f(x) = f(x).

T—T0

and

(sh u)***tdu < C — conat. (2.2)

is valid.
Proof. From (1.4) we have

L) f(x) / ‘Achu — f(z)| K2 (chu)shP udu+
(2.3)
/Kf.‘ (chu)sh® udu — 1| = Jy (1) + Jo(7).
It follows from (1.13) that
lim Jo(7) = 0. (2.4)

T—T0

Assume

(u) Ay f () = f ()| sh* tat.
plu 0/‘ h x)|s

By definition of (L-Q),-point Ve > 0 369 > 0 such that for all u < § < §p the
inequality
o(u) < e-uL. (2.5)
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will hold.
Now, expand J; by the scheme

(/ /) A ( f(x)} KX chu)shPudu = Jy 1 + Jyo. (2.6)

For J;1 we have

1)
Ji1= /cp’(u)Kﬁ‘(chu)du = /K;\(chu)dgo(u) = @(u)Kﬁ‘(chu) ‘8 —
0

é )
—/(p(u) [Kﬁ‘(chu)]/du = p(8)K)(chd) — /go(u) [Kﬁ‘(chu)}ldu.
0 0

It follows from (2.5) that

)
/
|J1.1] < (9) ’K;_\(chu ’—f—s/uz)‘ﬂ KA chu)} du <

2 (2.7)
€ {62”1 | K (chu) {—I—/uQ’\+1 K’\ chu)} du }
0
Since
d J
/ tA KX (cht)dt = — / K2 (cht)dt?* ! =
0 0
] §
!/
I 5 WE R _ 2A+1 [ 7oA
- s (5 K (cho) / / [KT (cht)] dt) :
0
then
1) [
!/
SPFLEAN (chd) = (24 + 1) / 2K (cht)dt + / {22+ [Kﬁ(cht)} dt.
0 0
Hence and from (2.2) it follows that
/

|62 LKA (chd)| < (2X + 1) / 12X (Kj(cht)’ dt + / $22+1 [Kﬁ(cht)} LR

0 0
<A [EXO|,+C < @A+ 1) M+ C.

{9
From (2.7) and (2.8) we get

|J1.1| < E(C)\M + 20) (2.9)
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Consider the integral Ji ».

| T1o| < ?‘Achu () — f(:c)‘ ‘K;\(chu)‘ shPudu <
é

7‘Achu x)) ‘Ki‘(chU)‘ sh® udu + |f(z)] 7‘]{?(%”)‘ shPudu <
5

< sup A(chu) ‘/’Achu shZ)‘udu—Hf |/‘K)‘ chu)‘sh”‘udu

6§u<oo
Whence, allowing for lemma 2, from [2] (1.14) and (2.1) we get:
TILHQOJ172 =0. (2.10)
It follows from (2.9), (2.10) and (2.6) that

lim J; = 0. (2.11)
T—T0

The statement of the lemma follow from (2.4) (2.11) and (2.1).

Theorem 2.6. Let f € Ly [1,00) and KX (chx) be a positive identity approwi-
mation kernel satisfying the following conditions:

a) The function K} (chz) monotonically increases on (0,8), 6 > 0 and is bounded
on 1t

KX(chz) < C — const x € (0,6),
b) Monotonically decreases on [§,00).

Then, at each (L-Q)ipoint, for Gegenbauer singular integral (1.4) the equality

lim L)‘f( )= f(x).

T—T0
holds.
Proof. From (1.4) we have
(@)~ @) = [ [ @) - £(a)] K} chu)dut
0 (2.12)
/Kf.‘ (chu)shPudu — 1| = Ji(1) 4 Ja(7).
By (1.13)
lim J, = 0. (2.13)
T—T0

Consider the integral Ji (7).

/ / AN f(x)} KXNchw)du = Ji1(1) + Jia(7).  (2.14)
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By condition b) of the theorem, for § < g < oo we have:

/K;\(chu)sh2’\udu > /K;\(chu)sh2’\udu > /K;\(chu)shQ’\udu >

¥
¥

> (s 5) K (cha)’s > (g)QHlKj(chx).

Hence and from (1.14) we have

lim supK ) (chz) = 0. (2.15)

T—>T0x>5

Since,

1l < g supE2(eho) +1£(e)] [ K chu)shud
x>6

then it follows from (2.15) and (1.14) that

T—T0

For the integral J; 1(7), by condition a) we have:

)
[J1.1( / nuf f(@)| KXMchu)sh® udu < 61K (chd) < Cye. (2.17)
0
Allowing for (2.16) and (2.17), in (2.14) we get
lim J; = 0. (2.18)
T—T0

The statement of the theorem follows from (2.13), (2.18) and (2.12).

Theorem 2.7. It the function f is continuous and summable on the segment
[1,00), and KX (chx) > 0 is an identity approzimation kernel that monotonically
increases on (0,0), 6 > 0 and monotonically decreases on [§,00) then the equality

x € [1,00) holds as each point

lim L2 f(z) = f(x).

T—T0

Proof. If follows from the continuity of the function f(x) that Ve >0 3§ > 0
such that for all u < § the inequality | A2, f(z) — f(z)| < € is fulfilled. But, then

|J11(7)] < / ‘Achu x) — f($)’K7’.\(chu)sh2)‘udu <
0

< g/K;\(chu)shQ’\udu <e HKﬁ‘ <)H1 N
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All the remainings follow from the proof of the previous theorem.

Theorem 2.8. Let f € Lp,\[l ), 1< p < oco. The kernel KX(x) have a
differentiable majorant ¢, (x (}K/\ } (bT(x)) satisfying the conditions:

a) |¢rllin <M < o0

b) / |/ (chu)| (shu)*"1du < C < oo

c) hm supg’ (chu) =0

T—T0 u>6
19

d) l'i}rn ¢! (chu)shPudu =0 for any 0 <6 < 1.
T—T0
0
Then at each (L — Q),-point x € [1,00) it holds the equality

lim L2 f(2) = f(z).

Proof. From (1.4) we have
(@)~ @) = [ [Ahf@) - ()] KNOE - ) Far
o1 (2.19)
/K’\ (£ — 1) bt — 1] Ti(7) + Ja(7).
By (1.1)
lim Jy () = 0. (2.20)

T—T0

By the Holder inequality, for the integral Ji(7) we have

|Ji(T |</‘Achu ))K;\(chu)sh”‘udug

/ ‘Achu )‘ b, (chu)sh® udu <

0o 1/q 0o 1/p
= (/ @(chu)sh”udu) ( / A () — f(x)p@(chu)sh%du) <
0

0

- 1/p
< M ( / !Aéhufu) - f<x>p¢7<chu>sh”udu> : (2.21)
0

Consider the integral

(/ /) ‘Achu ))p ¢r(0hu)5h2)\UdU = J11(7) + J12(7). (2.22)
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For the estimation of the integral J; 1(7) we assume

u

o) = [ [Abut(e) = 5@ s

0

By definition of (L-Q),point,Ve > 0 36 > 0 such that for all v < § we’ll have
the inequality ¢(u) < eu?**!. Taking into account this inequality, we get

6 é
[J1a(7)| = / ¢, (chu)dp (u)| = |@(d)p,(chd) — / p(w)@ (chu) du| <
0 0
1)
< e 6Py (chd) + / |l (chu)| (sh u) ™ du| < e(Cy+ C). (2.23)
0

For J; 2 we have

Jia(r) = / A f () — (@) b (chu)shPudu <
)

<2 [ [ f@F 6, (chu)shPudu+ 2| (@) [ o, (chu)shudu <
) o

[e.e]

< 2Psup¢. (chu) / ’Ai‘huf(a:)‘p shP udu+
u>d
- 1)

2@ [ o(chu)shudu = Psups, () |11, 2 @ [ 6 (chu)shudu.
) - )

Taking into account conditions ¢) and d) of the theorem, we get

lim J1.2(7') =0. (224)

T—T0

It follows from (2.23), (2.24), (2.22) and (2.21) that

lim Ji(7) = 0. (2.25)

T—T0

Taking into account (2.20) and (2.25) in (2.19), we get the theorem statement.
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