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THE LIMIT THEOREM ON THE NUMBER OF

PARTICLES IN MULTI-TYPE BRANCHING

PROCESSES WITH MIGRATION

Abstract

Multi-type branching processes with migration and discrete time - are stud-

ied.

Functional relations are obtained.

Asymptotic formulae are proved.

Determine a d-type branching process with migration and discrete time in the

following way. Let ξi =
(
ξi1, ..., ξ

i
d

)
integer non-negative random vectors with gener-

ating functions

f i (s) =
∑
α

P
(
ξi = α

)
sα, i = 1, d

be given, η = (η1, ..., ηd) be a random vector with integer components and the

functions set N (m) = {α = (α1, ..., αd)α ≥ m} and the generating function g (s) =∑
α∈N(m)

P (η = α) sα , where the vector m = (m1, ...,md) ∈ Rd is fixed.

Then this process Z (t) = {Z1 (t) , ..., Zd (t)}, t = 0, 1, ... will be called a branching

process with migration if it is represented in the form

Z (t+ 1) =

d∑
i=1

max(0,zi(t)+ηi(t))∑
j=1

ξi (j, t) , Z (0) = 0,

where η (t), ξi (j, t), j = 1, 2, ..., t = 0, 1 are equally distributed with η and ξi,

respectively, i = 1, d, independent for j = 1, 2, ..., t = 0, 1, 2, ... random vectors,

Zi (t) is the number of particles of type Ti at time t in the process, η (t) is the

number of migrators at time t, ξi (j, t) is the number of descendants of the j−th

particle at the t-th generation. Obviously, if m ≥ 0 we have a branching process

with immigration. Therefore, we’ll suppose that there exists mi such that mi < 0

and P (ηi = mi) > 0.

Evolution of the process Z (t) may be written as follows. Let at time t, there be

Z1 (t) particles of type T1, ..., Td (t) particles of type Td. With probability P (η = α)

α = (α1, ..., αd) particles migrate i.e. if αi is non- negative,then αi particles of type

Ti immigrate to population, if αiis negative, min (Zi (t) ,−αi) particles of type Ti,

i = 1, d emigrates from population. The particles remained after migration give

generation by the scheme of the branching process with d type particles. So, we get

the number of particles in the t+ 1-th generation.

In traduce the denotation

aij =
∂f i (s)

∂sj

∣∣∣∣
s=1

, bijk =
∂2f i (s)

∂sj∂sk

∣∣∣∣
s=1




