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SOLVABILITY OF BOUNDARY VALUE PROBLEM
FOR SECOND ORDER ELLIPTIC

DIFFERENTIAL-OPERATOR EQUATION WITH
SPECTRAL PARAMETER IN THE EQUATION AND

BOUNDARY CONDITIONS

Abstract

In a Hilbert space H on a finite segment, a boundary value problem is con-
sidered for a second order elliptic differential-operator equation with a spectral
parameter in the equation and in one of the boundary conditions. Moreover, the
spectral parameter in the boundary condition is found for a higher derivative.

A theorem on isomorphism is proved, an estimation of the solution with
respect to a spatial variable and spectral parameter is obtained. Asymptotic for-
mulae for eigen values that correspond to homogeneous boundary value problem
are got.

1. Introduction
The boundary value problems for differential-operator equations were considered

in the monographs of S.G.Krein [1], A.A.Dezin [2], V.Z.Gorbachuk and M.L.Gorba-
chuk [3], S.Ya. Yakubov [4,5], S. Yakubov and Ya Yakubov [6], A. Ya Shklyar [7] and
in many papers for example of G.I. Laptev [8], P.E. Sobolevskiy [9], M.G. Gasymov
[10], H. Amann [11], A. Aibeche [12,13], S. Yakubov [14], G. Dore and S. YAkubov
[15], S.Ya Yakubov and B.A. Aliev [16], B.A. Aliev and Ya. Yakubov [17] and others.

In the paper [17], the following boundary value problem for second order el-
liptic differential-operator equation with a spectral parameter on the equation and
boundary conditions is considered in the space H.

L (λ,D)u := λu (x)− u′′ (x) +Au (x) = f (x) , x ∈ [0, 1] , (1.1)

L1 (λ)u := λu (0)− αu′ (0) + T1u = f1,

L2 (λ)u := λu (1) + βu′ (1) + T2u = f2, (1.2)

where λ is a spectral parameter; A is a self-adjoint positive-definite operator in H;
Tk (k = 1, 2) are the operators acting from Lp ((0, 1) ;H), p ∈ (1,∞) to H;a, β are
some complex numbers from the right hand side of the complex plane.

In the paper [17], sufficient conditions for solvability of boundary value problems
(1.1)-(1.2) in the space Lp ((0, 1) ;H) are found; some estimates (with respect to u
and λ) for the solution are established. Discreteness of the spectrum of appropriate
homogeneous boundary value problems (1.1), (1.2) and completeness of the system
of root elements is also determined.

Asymptotic behavior of eigen values (without abstract operators in the boundary
conditions) of a homogeneous problem corresponding to (1.1), (1.2) is studied in the
papers [18], [19]. Notice that in the papers [20,21], the asymptotic formulae are
obtained for eigen values of the following boundary value problems.

−u′′ (x) +Au (x) = λu (x) , x ∈ (0, 1) (1.3)


