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INVERSE PROBLEM ON ELASTICITY THEORY
ON INCLUSION-BINDER INTERACTION

Abstract

A problem on defining optimal elastic form of inclusion providing stress con-
centration decrease in a compound body is solved on the equistrength principle.
The found form of the cross section of heterogeneous elastic inclusion provides
increase of load-carrying capacity of a compound body.

Let’s consider an elastic body consisting of an elastic continuum (matrix) and
the inclusions made of another matherial and distributed in it . The failure process
of such materials is determined by inclusion-matrix interaction. The analysis of such
a interaction model is carried out on a model with one curvilinear form inclusion.
The remaining inclusions ”spread” and the body out side of the chosen inclusion is
represented as homogeneous and isotropic with appropriate effective elastic constants
(by the principle of ”mixtures”).

Let an unbounded body is under the conditions of plain strain or plane stress
state. The operation life of a compounded construction depends on stress distribu-
tion in interaction zones of its elements. Serviceability of a compound body may be
increased by means of the change of geometry of connections of its elements [1,8].

The supporting inclusions are mainly designed as of annular cross section.
As experience shows, the real sections of supporting reinforced fibres differ from

ideal design geometry by the availability of unevenness, and this is the unavoidable
consequence of manufacture process. Denote by L′ the interface of different elastic
media. Accept that the boundary L′ of the inclusion matrix connection may be
represented in the form

r = ρ (θ) = λ+ εH (θ) , (1)

where ε is a small parameter equal Rmax/λ; Rmax is the greatest height of the
evenness of the profile of the contour L′ from the circle of radius λ.

It is assumed that everywhere on the connection boundary L′ it holds rigid
cohesion of different media. We’ll assume that for z = x+ iy → ∞ the stresses σ∞x ,
σ∞y , τ∞xy act.

We match the origin of the system of coordinates with geometrical center of the
ring L0 (r = λ) in the plane of the compound body. For optimization of the load-
carrying capacity of the compound body we suggest a method that consists of the
choice of the class of unvennesses of the cross section surface of the inclusion that
provide increase of load carrying capacity of the compound body.

Thus, it is required to construct such a geometry of the surface of the inclusion
- binder connection that the elastic field created by it could lower the stress concen-
tration in the compound body. Obviously, the lower is the level of the strength in
the compound body, the higher is its operation life.

Represent the boundary of the unknown contour L′ in the form (1), where the
function H (θ) is to be determined in the solution process of optimization problem.
Without loss of generality of the stated optimization problem, assume that the de-
sired function H (θ) may be represented in the form of the segment of Fourier series.
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For determining the connection geometryc, in place of the condition of finding the
connection geometry the functionH (θ), introduce into the problem the equistrength
condition on the contour of the binder - inclusion connection.

It is required to determine the function H (θ) such that the stress-strain field
created in the loading process of the compound body could provide to fulfil the
equistrength condition on the contour of division of different media. This additional
condition allows to determine the desired function H (θ) of the geometry of materials
connection. We can represent the stresses σx, σyτxy and displacements in the plane
problem of elasticity theory by means of Kolosov-Muskhelishvili complex potentials
[9].

On the interface of media we have

φ (z) + zφ′ (z) + ψ′ (z) = φ0 (z) + zφ′
0 (z) + ψ′

0 (z)
(
z ∈ L′) ,

µ

µ0

[
kφ0 (z)− zφ′

0 (z)− ψ′
0 (z)

]
= kφ (z)− zφ′ (z)− ψ′ (z)

(
z ∈ L′) . (2)

Here k, µ and k0, µ0 are elastic constants of the basic material and inclusion,
respectively; z = x+ iy.

Using the perturbations method, we look for stresses and displacements in the
form of expansion in small parameter in which for simplicity we neglect the terms
containing ε in the power higher than first. Each of the approximations satisfy
the system of differential equations of elasticity theory. Expanding in series the
expressions for stresses and displacements in the vicinity of r = λ, we find the
values of the components of stress and displacements tensor for r = ρ (θ). On the
base of boundary conditions (2), we get boundary conditions of the problem on the
contour L

(
τ = λeiθ

)
for complex potentials:

For zero approximation

φ(0) (z) + zφ′(0) (z) + ψ(0) (z) = φ
(0)
0 (z) + zφ

(0)′

0 (z) + ψ
(0)
0 (z) on L (3)

kφ(0) (z)−zφ(0)′ (z)−ψ′(0) (z) =
µ

µ0
k0

[
φ
(0)
0 (z)− zφ

(0)′

0 (z)− ψ
(0)
0 (z)

]
on L. (4)

For the first approximation

φ(1) (z)+ zφ′(1) (z)+ψ(1) (z) = φ
(1)
0 (z)+ zφ

(1)′

0 (z)+ψ
(1)
0 (z)+ f1 + if2 on L (5)

kφ(1) (z)−zφ(1)′ (z)−ψ′(1) (z) =
µ

µ0
k0

[
φ
(1)
0 (z)− zφ

(1)′

0 (z)− ψ
(1)
0 (z)

]
+g1+ig2 on L.

(6)
Here the function f1 + if2 is expressed by the desired function H (θ) and the stress
components on the contour L of zero approximation; similarly, the function g1+ ig2
depends on the function H (θ) and displacement components for τ = λ exp (iθ) of
zero approximation.

We look for complex potentials φ(0) (z) and φ(0) (z) describing the stress strain
state of the inclusion in zero approximation in the form

φ
(0)
0 (z) =

∞∑
k=1

a
(0)
k zk, ψ

(0)
0 (z) =

∞∑
k=1

b
(0)
k zk. (7)
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Denote the left hand side of boundary condition (3) by f01 + if
0
2 and assume that

on the contour L the function f01 + if02 expands in Fourier series. This series is of
the form

f01 + if02 =
∞∑

k=−∞
Ane

niθ. (8)

On the base of boundary condition (3) and relations (7), (8) applying the power
series method we get

a(0)n =
An

λn
(n > 1) , Re a

(0)
1 =

A1

2λ

b(0)n =
A−n

λn
− (n+ 2)

An−2

λn
(n ≥ 0) . (9)

Determine the coefficients a
(0)
n , b

(0)
n of the functions φ(0) (z) and ψ(0) (z). For deter-

mining the quantities Ak we consider the solution of the problem for a binder.
Using the complex potentials φ(0) (z) and ψ(0) (z), after some transformations

the boundary conditions on the contour τ = λeiθ for the potentials φ(0) (z) and
ψ(0) (z) are written in the form

φ(0) (τ) + τφ′(0) (τ) + ψ′(0) (τ) =

∞∑
k=−∞

Ane
kiθ (10)

kφ(0) (τ)− τφ′(0) (τ)− ψ′(0) (τ) =
µ

µ0

{
k0

∞∑
k=1

a
(0)
k λkekiθ−

−a(0)1 λeiθ −
∞∑
k=0

(k + 2) a
(0)
k+2λ

k+2e−kiθ −
∞∑
k=0

b
(0)

k
λke−kiθ

}
. (11)

We look for the complex potentials φ(0) (z) and ψ(0) (z) in the form

φ(0) (z) =

∞∑
k=1

c
(0)
k z−k, ψ(0) (z) =

∞∑
k=1

b
(0)
k z−k. (12)

Satisfying by functions (12) boundary conditions (10), (11), comparing the coeffi-
cients under different powers of eiθ, we get a relation for determining the coefficients

c
(0)
k , d

(0)
k and Ak.

After finding the solution in zero approximation, we can pass to the solution of
the problem in first approximation. The functions f1 + if2 and g1 + ig2 are found

on the base of the solution in zero approximation. The complex potentials φ
(1)
0 (z),

ψ
(1)
0 (z) and φ(1) (z), ψ(1) (z) are found in the form similar to (7), (8) with obvious

changes. The further course of the solution of boundary value problem (1), (6) is
the same as in zero approximation. Using the procedure of the power series method
to boundary conditions (5), (6), after some transformations we find relations for the

coefficients a
(1)
k , b

(1)
k , c

(1)
k , d

(1)
k and A

(1)
k . As in zero approximation these relations

are such that they allow to get formulae for a
(1)
k , b

(1)
k , c

(1)
k , d

(1)
k and A

(1)
k by the

coefficients of the Fourier series of the functions f1 + if2 and g1 + ig2.
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For the given function H (θ), the obtained algebraic relations are close and allow
to find the stress-strain state of the compound body for each profile of the cross
section of the inclusion.

For estimating the strength of the compound body, it is necessary to define the
normal tangential stress σt acting near the contour L′. By means of transformations,
for the quantity σt, to within the first order quantities with respect to ε we find

σt = σθ|r=ρ
= σ0θ|r=ρ

+ ε

[
H (θ)

∂σ
(0)
θ

∂r
|r=R + σ

(1)
θ|r=R

]
. (13)

Here the stresses σ
(0)
θ are determined by means of Kolosov-Muskhelesvili formulae

from the solution of zero approximation, σ
(1)
θ is determined similarly by the same

formulae from the solution of first approximation.

For constructing missing equations that allow to determine the coefficients αk

and βk , we require the minimization of stresses on the boundary L′ of materials
connection, i.e. fulfilment of the condition

σt = σ∗. (14)

Here σ∗ is an optimal value of normal tangential stress on the contour of inclusion
- binder connection as is to be determined in the solution process of the problem.
Comparison of equistrength contour of division of medium, i.e. of the contour de-
termined on the base of condition (14), in the compound body with other contours
of the connection boundary of materials show that the stress σt in them is minimal
in comparison with maximal quantity of σt on any other contact contours of mate-
rials. Therefore, the desired contour L′ of materials connection has the property of
the greatest strength of the compound body in comparison with all other contact
contours of media.

We realize the stress decrease, i.e. optimal design of the forms of the binder -
inclusion connection by using condition (14) on the surface of division of media and
the least squares principle. We verify minimization by using the criterium

M∑
i=1

[σt (θi)− σ∗]
2 → min . (15)

The stated problem is to find such values of the unknown parameters αk and βk
that will provide the quantities σt (θi) of the normal tangential stress function the
values according to additional condition (14) in the best way. In other words, it is
required to find the most probable values of unknown parameter. The least squares
principle says that the most probable values of the parameters αk, βk and σ∗will be
that ones for which the sum of the squares of deviations

εi = σt (θi)− σ∗ (i = 1, 2, ...,M)

will be least, i.e.

U =

M∑
i=1

[σt (θi)− σ∗]
2 → min (16)
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σ∗, αk, βk:
∂U

∂σ∗
= 0,

∂U

∂αk
= 0,

∂U

∂βk

= 0 (k = 1, 2, ...) . (17)

We partition the segment [0, 2π] of change of the variable θ into M parts.
Since the function σt (θi, αk, βk) is linear with respect to the unknown param-

eters, the composition and solution of the system is considerably simplified. We
can write the system of equations (17) in the form of the normal system. Solving
the normal system by the Gauss method with choosing the principal element for
different characteristics of the binder and inclusion, we find the desired parameters
of the geometry of connection surface of different media.

It should be noted that the values of σ∗ may be chosen beforehand from the
condition of load-carrying capacity of binder. However, calculations show that while
determining the unknown optimal value of σ∗ the sum of the squares of deviations
decreases, i.e. the results of the search are more exact.
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