
Proceedings of IMM of NAS of Azerbaijan, 2011, vol. XXXIV (XLII), pp. 135-142. 135

Shamsaddin M. MUTALLIMOV, Vilayat M. VELIYEV,
Kamal Sh. MUTALLIMOV

MATHEMATICAL SIMULATION OF INCREASE
DYNAMICS OF NATIONS LIVING IN

INTERCONNECTED ECONOMICAL RELATION

Abstract

In the paper, the mathematical model of demographic process of different
nations living in interconnected economical relations is given in the form of the
system of linear differential equations with constant coefficients. Some special
cases are investigated.

Increase in the number of population and stability of this increase directly depend
on the status of the country where they live.

At each country, some part of the state budget allots for stable increase of popu-
lation, and this part should be regulated on the base of economical laws. Economics
is a special scientific field and is independent of numerous parameters. Some of them
may be controlled, but some parameters are independent of us. For example, na-
ture phenomena, different character of population, various political and economical
processes in the world.

Let different nations live in one country. It is necessary to determine the increase
dynamics of esch nation and global increase dynamics of population. Therewith, it
is important to know the mathematical model of this process.

This will enable to predict accurately the increase in the number of each nation
and change of the number of all the population on the whole.

In the present paper, the mathematical model of the mentioned process is given
in the form of the system of linear differential equations with constant coefficients.
It is assumed that the change of the number of each nation depends on mutual eco-
nomic relations between them and the amount of the grant allotted from the state
budget.

§ 1. Let in the region (country) live two nations and denote them by A1 and
A2, respectively. The number of inhabitants A1 and A2 at time t denote by X1 (t)
and X2 (t) , respectively. From statistical data it is known that for the region under
consideration the number of new-borns and defuncts per a unit time is proportional
to the number of population with proportionality factor K1 and K2, respectively
[1]. On the base of this static laws, for the nation A1 denote the factor K1 by K11,
the factor K2 by K12. Similarly, for the nation A2 denote the factor K1 by K21, the
factor K2 by K22.

Then the increase of the nation A1 at time t will be

(K11 −K12)X1 (t) (1.1)

The increase of the nation A2 at time t will be

(K21 −K22)X2 (t) (1.2)
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Denote the grant allotted to each unit of the increase of the nation A1 by m1Y,
the grant allotted to each unit of the increase of the nation A2 by m2Y . Here
Y is the grant allotted from the budget for global social expenses of the nation
(m1 < 1; m2 < 1) . Then the amount of the grant allotted for the increase (1.1) and
(1.2) at time t will be

z1 = (K11 −K12)X1 (t) ·m1 · Y ; (1.3)

z2 = (K21 −K22)X2 (t) ·m2 · Y ; (1.4)

Suppose that the nations A1 and A2 live in the conditions of interconnected
economics relations. Then the allotted grant is z1 whose part

m11z1, (1.5)

is used for the increase of the nation A1 the part

m12z1 (1.6)

is used for the increase of the nation A2.
Similarly the allotted grant is z2 whose part

m21z2 (1.7)

is used for the increase of the nation A1, the part

m22z2 (1.8)

is used for the increase of the nation A2.
The following conditions are fulfilled

m11 +m12 = 1; m21 +m22 = 1;
0 ≤ m1i < 1; 0 ≤ m2i < 1; i = 1, 2.

Thus, the grant allotted for the increase of the nation A1 will be

m11z1 +m21z2, (1.9)

the grant allotted for the increase of the nation A2 will be

m12z1 +m22z2 (1.10)

It is accepted that chande in time (rate) of the number of the nations A1 and
A2 is proportional to the quantity of grants, i.e.

dX1

dt
= l1 (m11z1 +m21z2) :

dX2

dt
= l2 (m12z1 +m22z2) :

or 
dX1

dt
= a11X1 + a12X2;

dX2

dt
= a21X1 + a22X2;

(1.11)
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Here
a11 = l1m11K01m1Y ;
a21 = l2m12K01m1Y ;
K01 = K11 −K12;

a12 = l1m21K02m2Y ;
a22 = l2m22K02m2Y ;
K02 = K21 −K22;

l1 and l2 are proportionality factors. For system (1.11) the initial conditions are
given in the form

X1 (t)|t=t0
= X10; X2 (t)|t=t0

= X20; (1.12)

Here X10 and X20 is the number of the nations A1 and A2 at initial time t = t0.
Note that for the number X1 (t) , X2 (t) the following restrictions should be

accepted

Xi ≤ Xi (t) ≤ Xi, i = 1, 2 (1.13)

Here the limits Xi, Xi are regularized with regard to economic state of the country.

§ 2. Now, let n kinds of different nations having own definite characters live in
the region (in the country). Naturally they have interconnected economical relations.
Denote these nations by A1, A2, ..., An.

Denote the number of this nations at time t by X1 (t) , X2 (t) , ..., Xn (t) , respec-
tively. Denote the proportionality factors for defining the number of new-borns per
a unit time by K11,K21,K31, ...,Kn1, respectively. The proportionality factors for
defining the number of defuncts per a unit time denote by K12,K22,K32, ...,Kn2,
respectively.

Then the increase of the nation A1 at time t will be

(K11 −K12)X1 (t) , (2.1)

the increase of the nation A2 at the same time will be

(K21 −K22)X2 (t) . (2.2)

Thus, the increase of the nation An at time t will be

(Kn1 −Kn2)Xn (t) , (2.3)

The grant allotted for unit of the increase of the nations A1, A2, ..., An denote by

m1Y,m2Y, ...,mnY (2.4)

respectively.Then the grant allotted for the increase (2.1), (2.2), (2.3) is determined
by the following formulae, respectively

z1 = (K11 −K12)X1 (t) ·m1Y
z2 = (K21 −K22)X2 (t) ·m2Y

.............................
zn = (Kn1 −Kn2)Xn (t) ·mnY.

(2.5)
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Let the grant z1 be distributed for the increase of the nations A1, A2, ..., An in the
following way

m11z1,m12z1, ...,m1nz1, (2.6)

Similarly, the grant z2 is distributed for the increase of the nations A1, A2, ..., An in
the following way

m21z2,m22z2, ...,m2nz2, (2.7)

finally, the grant zn is distributed for the increase of the nations A1, A2, ..., An in
the following way

mn1zn,mn2zn, ...,mnnzn, (2.8)

then, in fact, the grant expended for the increase of the number of the nation A1

will be
n∑

i=1

mi1zi = m11z1 +m21z2 + ...+mn1zn. (2.9)

Similarly, for the increase of the number of the nations A2, A3, ..., An the expended
grant will be

n∑
i=1

mi2zi = m12z1 +m22z2 + ...+mn2zn; (2.10)

........................................
n∑

i=1

minzi = m1nz1 +m2nz2 + ...+mnnzn. (2.11)

It is accepted that change in time (rate) of the number of the nations A1, A2, ..., An

is proportional to the quantity of the expended grant, t.i.

dX1

dt
= l1 (m11z1 +m21z2 + ...+mn1zn) ;

dX2

dt
= l2 (m12z1 +m22z2 + ...+mn2zn) ;

........................................
dXn

dt
= ln (m1nz1 +m2nz2 + ...+mnnzn) .

(2.12)

We can write systems (2.12) in the form

dXi

dt
=

n∑
j=1

limjizj ; i = 1, n. (2.13)

Here, li is a proportionality factor and some economical index:

n∑
i=1

m1i = 1,

n∑
i=1

m2i = 1, ....,

n∑
i=1

mni = 1; (2.14)

0 ≤ mij < 1
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If we accept the following denotation

(K11 −K12)m1Y = K1; (K21 −K22)m2Y = K2

(K31 −K32)m3Y = K3; (K41 −K42)m4Y = K4

................................................
(Kn1 −Kn2)mnY = Kn
n∑

j=1

limjiKj =
n∑

j=1

aij ;
(
i = 1, n

) (2.15)

the system (ODE) (2.12) will take the form

dX1

dt
= a11X1 + a12X2 + ...+ a1nXn;

dX2

dt
= a21X1 + a22X2 + ...+ a2nXn;

..................................
dXn

dt
= an1X1 + an2X2 + ...+ annXn

(2.16)

or
dXi

dt
=

n∑
j=1

aijXj ; i = 1, n (2.17)

Thus, the system of obtained ordinary differential equations (ODE) of first order
with constant coefficients (2.16) is a mathematical model of demographic process of
the nations A1, A2, ..., An living in interconnected economical relations.

Note that the system (ODE) (2.16) defines a mathematical model of raising of
productivity of various kind of productions in definite enterprises [2].

For system (2.16) the initial conditions are given in the form

Xi (t)|t=t0
= Xi0 : i = 1, n (2.18)

Thus, if the number of each nation at time t = t0 is known, then at time t > t0 one
can find the number of each nation from the solution of system (ODE) (2.16).

Obviously, the number Xi

(
i = 1, n

)
should accept the condition in the form

Xi ≤ Xi (t) ≤ Xi (t) (2.19)

Here Xi and Xi is lower and upper bound of the number of the nations A1, ..., An

This interval of the number is regularized by the country where these nations live.

§ 3. Let in the region (or in the country) the population consists of two nations,
A1 and A2. Investigate the increase of each nation for this case. We should solve
system (1.11) with condition (1.12). The characteristical equation of differential
equation (1.11) is of the form∣∣∣∣ a11 − λ a12

a21 a22 − λ

∣∣∣∣ = 0, (3.1)

or
λ2 − (a11 + a22)λ− (a21a12 + a11a22) = 0 (3.2)
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If the roots of characteristical equation (3.2) are real and different, the solution of
system (1.11) is of the form [3].

X1 (t) = C1e
λ1t + C2e

λ2t; (3.3)

X2 (t) =
1

a12

[
C1 (λ1 − a11) e

λ1t + C2 (λ2 − a11) e
λ2t

]
. (3.4)

Here, λ1, λ2 are the roots of characteristic equation (3.2); C1 and C2 are arbitrary
constants and are determined from initial conditions (1.12). The roots λ1, λ2 depend
on the amount of the grant allotted from the state budget, and on the coefficients
m11,m12,m21,m22, l1, l2.

If λ1 ̸= λ2 and λ1 < 0, λ2 < 0, then from (3.3), (3.4) it follows that the number
of each nation A1 and A2 decreases in time, but if λ1 ̸= λ2 and λ1 > 0, λ2 > 0 the
number of each nation A1 and A2 increases in time. Therewith conditions (1.13)
should be observed. Consider some special cases.

§ 4. Let from z1 the grant for the increase of the nations A1 and A2 be not
allotted, but from z2 the grant for the increase of the nations A1 and A2 be allotted.
Then we have m11 = 0; m12 = 0; a11 = 0; a21 = 0; and a12 ̸= 0; a22 ̸= 0,
consequently, system (1.11) takes the form

dX1

dt
= a12X2

dX2

dt
= a22X2.

(4.1)

Allowing for initial data (1.12), the solution of system (4.1) is determined in the
form {

X2 (t) = X20e
a22(t−t0);

X1 (t) = X10 +X20
a12
a22

(
ea22(t−t0) − 1

)
;

(4.2)

From (4.2) determine the difference X2 −X1 in the form

X2 (t)−X1 (t) = X20e
a22(t−t0)

(
1− a12

a22

)
−X10 +X20

a12
a22

; (4.3)

let at initial time t = t0 the number of the nations A1 and A2 be equal, i.e.

X10 = X20 for t = t0, (4.4)

The grant allotted for the nation A1 from the grant z2 is less than for the nation
A2, i.e.

a12 < a22,

(
a12
a22

< 1

)
. (4.5)

Then form formula (4.3) we get

X2 −X1 = X20

(
1− a12

a22

)(
ea22(t−t0) − 1

)
. (4.6)
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Since

a22 > 0;

(
1− a12

a22

)
> 0; ea22(t−t0) − 1 > 0,

it follows from expression (4.6) that under such distribution of the grant the number
X2 (t) of the nation A2 is greater than the number X1 (t) of the nation A1, i.e.

X2 (t)−X1 (t) > 0 =⇒ X2 (t) > X1 (t) . (4.7)

Similarly, if the grant z2 is distributed conversely, i.e. the grant for A1 is greater
than for A2, then a12 > a22 and we have

a22 > 0;
a12
a22

> 1; ea22(t−t0) > 1;

X2 −X1 = X20

(
1− a12

a22

)(
ea22(t−t0) − 1

)
< 0 (4.8)

i.e. X2 < X1.
Consequently, the number X2 of the nation A2 is less than the number X1 (t) of

the nation A1. The similar result may be obtained in the case when the grant from
z2 is not allotted for the nations A1 and A2, and different amount of the grant from
z1 is distributed for the nations A1 and A2.

At each case it is seen that increase of the grant implies the increase of the
nation.

Let the grant z1 be used only for the increase of the number of the nation A1,
and grant z2 be used only for the increase of the number of the nation A2, then
m12 = 0; m21 = 0; a21 = 0; and the system of equations determining the number
X1 (t) and X2 (t) will be

dX1

dt
= a11X1

dX2

dt
= a22X2. (4.9)

Allowing for initial conditions (1.12), the solution of equation (4.9) will be

X1 (t) = X10e
a11(t−t0); X2 (t) = X20e

a22(t−t0). (4.10)

From (4.10) it follows that if at each initial time t = t0 the number of the nations A1

and A2 are equal i.e. if X10 = X20 and provided a11 > a22 we have X1 (t) > X2 (t) ,
and provided a11 < a22 we have X1 (t) < X2 (t). In all these cases it is assumed that
K10 > 0, K20 > 0.

We can consider other special cases and all investigations show that economical
index essentially influencess on the change of the number of each nation and on the
whole on the number of the population of the region.
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