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TWO-PARAMETER SYSTEM, NONLINEARLY

DEPENDING ON PARAMETERS

Abstract

The possibility of separation of a spectrum and the spectral theorem for some

two-parameter problem, nonlinearly depending on both parameters, are proved

Problems of a determination of solutions of the equations of mathematical physics,

differential partial equations lead to study of multiparameter systems.

In particular, when the operators entering into the operationally-differential

equation act in tensor product of separable Hilbert spaces, the Cauchy method

reduces this equation to multiparameter system with more simpler equations.

In the given work the two-parameter system containing product of parameters for

the first time is considered. For such systems analogs and determinants of Cramer

in a tensor product space are constructed.

The system

Ai(λ, µ)xi = (Ai,0 + λAi,1 + λ2Ai,2 + ...+ λnAi,n + λµCi+

+µAi,n+1 + µ2Ai,n+2 + ...+ µmAi,n+m)xi = 0

, i = 1, 2 (1)

is considered.

Operators Ai,k, Ci are bounded in separable Hilbert spaces Hi((i = 1, 2), accord-

ingly; (λ, µ) ∈ C2, H = H1 ⊗H2 is a tensor product of H1 and H2.

Let’s reduce a series of known positions from the spectral theory of multiparam-

eter systems.

1. (λ, µ) ∈ C2 is an eigenvalue (1) if there are nonzero elements xi ∈ Hi, (i = 1, 2)

such that (1) is fulfilled. A tensor x = x1 ⊗ x2 is an eigenvector of system (1).

2. An operator A+
1,k = A1,k ⊗ E2 (accordingly, A+

2,k = E1 ⊗ A2,k) , where E1

(accordingly, E2) is an identical operator in (accordingly, H2), is called an operator,

induced in H = H1 ⊗H2 by the operator A1,k (accordingly, A2,k).

3. A tensor xm1,m2 is called (m1,m2)-th associated vector to eigenvector x0,0 =

x1 ⊗ x2 if the following conditions [3] are satisfied

∑
0≤ri≤ki

1

r1!r2!

∂rA+
i (λ, µ)

∂r1λ∂r2µ
xk1−r1,k2−r2 = 0 (2)

ks ≤ ms, i = 1, 2. s = 1, 2,

where (k1, k2) are arrangements from set of the entire nonnegative numbers on 2

with possible recurrings and zero.
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At research of system (1) there is a necessity of work with the multiparameter

systems linearly depending on spectral parameters, namely with systems

Ai(γ)xi =

(
Ai,0 +

n∑
k=1

γkAi,k

)
xi = 0, i = 1, 2, ..., n. (3)

In the given paper the means of research linear concerning parameters of the

multiparameter systems, developed in works [1], [2], [3], etc. will be used.

In [1] for system (3) analogs of determinants of Cramer are introduced. They

are introduced in the following way: on decomposable tensors x = x1 ⊗ x2 ⊗ ...⊗ xn
the operators ∆i are set by means of the equality∑

αi∆ix = ⊗

⊗



α0 α1 α2 α3 ... αn

A1,0x1 A1,1x1 A1,2x1 A1,3 ... A1,nx1
A2,0x2 A2,1x2 A2,2x2 A2,3 ... A2,nx2
A3,0x3 A3,1x3 A3,2x3 A3,3 ... A3,nx3

. . . . ... .

An,0xn An,1xn An,2xn An,3 ... An,nxn

.


, (4)

where α0, α1, ..., αn are arbitrary complex numbers, and expansion of determinant

(4) is understood as its formal expansion when as product of elements we take their

tensor products. If αk = 1, αi = 0 at i ̸= k (4) is ∆kx, where x = x1⊗x2⊗...⊗xn. On

all other elements of space H the operator ∆i is defined on linearity and a continuity.

From [1] it is known, that if ∆−1
0 exists, operators Γi = ∆−1

0 ∆i i = (1, 2, ..., n)

pairwise commute, and also the following formula is valid

A+
i,0 +A+

i,1Γ1 + ...+A+
i,nΓn = 0, i = 1, 2, ..., n (5)

where A+
i,k = E1 ⊗ E2 ⊗ ... ⊗ Ei−1 ⊗ Ai,k ⊗ Ei+1 ⊗ ... ⊗ En, Es(s = 1, 2, ..., n) is an

identical operator of space Hs.

If (∆0x, x) ≥ δ(x, x) for all x ∈ H, δ > 0, all Ai,k are self-adjoint operators in

Hi,then a scalar product [..] in H is introduced in a such way that on decomposable

tensors x = x1 ⊗ x2 ⊗ ...⊗ xn, y = y1 ⊗ y2 ⊗ ...⊗ yn we have [x, y] = (∆0x, y), where

(x, y) =
n∑

i=1
(xi, yi), and (xi, yi) is a scalar product in Hi; and on all other elements of

space H the scalar product is defined on linearity and continuity. Γi is self-adjoint

operators in H with such metric.

We introduce denotation in (1):

λi = λi(i = 1, 2, ..., n);λn+1 = λµ;λn+i = µi−1(i = 2, ...,m+ 1)

Also we shall add the equations (1) by means of the following equations,

(t2 + λ1t0 + λ2t1)x3 = 0

(λ1t2 + λ2t0 + λ3t1)x4 = 0

...................................
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(λn−2t2 + λn−1t0 + λnt1)xn = 0

(t2 + λn+2t0 + λn+3t1)xn+1 = 0

(λn+2t2 + λn+3t0 + λn+4t1)xn+2 = 0

..................................................

(6)

(λn+m−1t2 + λn+mt0 + λn+m+1t1)xn+m = 0

(λ2t2 + λn−1t0 + λn+m+1t1)xn+m+1 = 0

made in such a manner that connections between the parameters would be kept,

starting with (1). Each of the adjoined equations act in space R2 and operators

t0, t1, t2 in R2 are set by means of matrices

t0 =

(
0 1

1 0

)
, t1 =

(
1 0

0 0

)
, t2 =

(
0 0

0 1

)

(1) and (6) together form a linear multiparameter system with n+m+1 parameters.
According to definition of analog of determinants of Cramer for multiparameter
systems, linear concerning parameters, we have that ∆0 is an operator

A+
1,1

A+
1,2

A+
1,3

... A+
1,n

A+
1,n+1

A+
1,n+2

... A+
1,n+m−2

A+
1,n+m−1

A+
1,n+m

A+
1,n+m+1

A+
2,1

A+
2,2

A+
2,3

... A+
2,n

A+
2,n+1

A+
2,n+2

... A+
2,n+m−2

A+
2,n+m−1

A+
2,n+m

A+
2,n+m+1

t+
3,0

t+
3,1

0 ... 0 0 0 ... 0 0 0 0

t+
4,2

t+
4,0

t+4,1 ... 0 0 0 ... 0 0 0 0

. . . ... . . . ... . . . .

0 0 0 ... 0 0 t+
n+1,0

... 0 0 0 0

0 0 0 ... 0 t+
n+2,2

t+
n+2,0

... 0 0 0 0

0 0 0 ... 0 0 0 ... . t+
n+m,2

t+
n+m,0

t+
n+m,1

0 t+
n+m+1,2

0 ... 0 t+
n+m+1,0

0 ... 0 0 0 0


By t+i,k the operator induced in space H = H1⊗H2⊗R2

3⊗R2
4⊗ ...⊗R2

n+m+1 by an

operator ti,k(0 ≤ i ≤ 2) is designated, t+i,k acts in space R2
k that there is a space R2

standing in tensor space H on k that place .By analogy operators A+
i,k are induced

in H by operators Ai,k. Determinants ∆i(i = 1, 2, ..., n+m+1) are defined by rules,

presented by formula (4).

Theorem 1. Let the operator ∆−1
0 exist and be bounded in a tensor product

of space H, operators Ai,k self-adjoint and bounded in corresponding spaces. Then

operators Γi = ∆−1
0 ∆i separate a spectrum of two-parameter system (1); for any

eigenvalue (λ, µ) ∈ C2, when λ > 0, µ > 0 of the systems (1), there are nonzero

decomposable tensors x from H∗ = H1 ⊗ H2 ⊗ R2 ⊗ ... ⊗ R2 ( R2repeats a factor

n+m− 1 of times) such that equalities take place simultaneously

Γix = λix, i = 1, 2, ...n; Γn+1x = λµx, Γn+kx = µn+k−1x, k = 2, 3, ...,m+ 1. (7)

Takes place also inverse: if for some decomposable tensor x ∈ H of some pair of

complex numbers (λ, µ) ∈ C2 equalities (7) are fulfilled, then x is an eigenvector of

system ((1) and (6)), and (λ, µ) an eigenvalue corresponding to it. For these x and

(λ, µ) (1) is fulfilled.
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The proof of the theorem consists of reducing of system (1) to the multiparameter

system depending on n+m+1 parameters and linear concerning these parameters,

namely systems (1),(6), considered jointly. Systems of such type when operators

entering into it are self-adjoint have been studied in [1], [2], [3], etc.; when operators

entering into multiparameter system not necessarily self-adjoint, these systems have

been studied in works [4], [5],etc. In both cases on eigenvectors of system (1) ,(6) it

is had

Γix = λix, i = 1, 2, ..., n+m+ 1 (8)

Substituting expressions (8) in made for system ((1), (6)) equalities (5) we had, that

(λ1, λ2, ..., λn+m+1) is an eigenvalue of system ((1), (6)).

Let’s establish connections between parameters λi on eigenvectors of the equa-

tions from (6). We shall take 2 of these equations.

We have

(t2 + λ1t0 + λ2t1)x3 = 0

(λ1t2 + λ2t0 + λ3t1)x4 = 0

If λ1 ̸= 0 and (α1, β1) = x3, (α2, β2) = x4, (t2 + λ1t0 + λ2t1)x3 = 0 means

λ1β1 + λ2α1 = 0

β1 + λ1α1 = 0

If (α1, β1) ̸= 0, λ1 ̸= 0, that λ2 ̸= 0 and λ2 = λ2
1.

Provided that λ1 ̸= 0, λ2 ̸= 0, x4 ̸= 0, from the equation

(λ1t2 + λ2t0 + λ3t1)(α2, β2) = 0

it follows that

λ2β2 + λ3α2 = 0

λ1β2 + λ2α1 = 0

i.e. λ1λ3 = λ2
2, or λ3 = λ3

1.

The equation (λ2t2+λn+1t0+λn+3t1)xn+1 = 0 provided that xn+1 = (αn+1, βn+1) ̸=
0 and in view of the accepted denotation means,

λn+1βn+1 + λn+3αn+1 = 0

λ2βn+1 + λn+1αn+2 = 0

or λ2λn+3 = λ2
n+1.

By analogy for the subsequent equations of system (6) we have

λ4 = λ4
1, ..., λn = λn

1 , λ1 = λ; λn+1 = (λ2µ2)
1
2 ;

When operators Ai,k are self-adjoint, all λi ≥ 0, for eigenvalue (λ1, λ2, ..., λn+m+1)

[(1), (6)] and a corresponding eigenvector x = x1⊗x2⊗ ...⊗xn+m+1 provided that in
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the representation xn+1 = (a, b) ∈ R2, a, b have identical signs, λn+1 = (λ2µ2)
1
2 < 0;

in the opposite case when a, b have different signs,

λn+1 = (λ2µ2)
1
2 > 0;

Considering the last equalities, (5) is rewritten in the form of Γix = λix,

(i = 1, 2, ..., n); Γn+1x = λµx; Γn+sx = µs−1x, (s = 2, 3, ...m+ 1);Q.E.D.

Theorem 2. Let in (1) operators Ai,k be bounded in space Hi, an operator ∆−1
0

exist and be bounded in a tensor product of space H = H1⊗H2⊗R2⊗R2⊗ ...⊗R2

(R2repeats a factor n + m − 1 of times) KerΓ1 = KerΓn+2 = 0, then system of

eigen and associated vectors of system (1) and (6) coincides with the system of eigen

and associated vectors of each of operators Γi (1 ≤ i ≤ n+m+1), acting in a tensor

product space H.

The proof of the theorem is reduced to research of system (1) to research of linear

concerning parameters of multiparameter system as it is lead at the proof theorem

1. Further, outcomes of the works [4], [5], when the operators entering into system

(1) are not self-adjoint, and outcomes [1], [2], [3] are essentially used,

when the operators entering into system (1), all are self-adjoint.

Note. In the special case, when operators Aik are numbers and considering also,

that tensor product of operators ti and tk, 0 ≤ i, k ≤ 2 , is a numerical matrix of

the order 2×2 = 22, we have that a matrix corresponding to an operator ∆0is some

numerical matrix, which order is equal to 2n+m−1. Determinant of this numerical

matrix is calculated as usually.

We have ∆ix = λi∆0x; i = 1, 2, ..., n;∆n+1x = λµ∆0x;, ∆n+ix = µi∆0x,

i = 1, 2, ...,m..

I express my gratitude to Bilalov B.T. for useful advices at discussion of the

results of this work.
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