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b-BASES IN BANACH SPACES

Abstract

The notion of b—basis generalizing the known classic notion of basis on
Banach spaces is introduced in the paper. The criteria for b-basis are obtained.

As is known, in the paper [1], the criteria of basis in Hilbert space is given by
means of the space of sequences of its coefficients. Generalization of these results to
Banach space is given in [3], where the notion of the K-basis is introduced. In the

present paper all these results are generalized for bilinear mappings.

1. Some auxiliary definition and statements. Give some notion and state-
ments from [3-5].

Let X,Y,Y1,Z and Z; be B—spaces. Consider the bilinear mappings b (z,y) :
X XY — Z and by (z,y) : X x Y1 — Z; such that

Im, M > 0:m |zl lylly < 16(z,9)llz < Mlllx lylly

Fmy, My > 0:ma |2l x [[ylly, < o1 (@9)llz, < Ml x lylly, -

For convenience, in the sequel we assume b (z,y) = zy Ve € X, y € Y, by (z,¢)
rxpVrelX, pel.

The aggregate L, (M) of all possible finite sums Z x;m;, where z; € X, m; € M
is called a b-linear span of the set M C Y.

The system {y,},cny C Y is said to be b-complete if the closure Ly({yn},cn)
coincides with space Z.

The systems {yn},cny CY and {y;},cny C L(Z, X) are called b-biorthogonal if

Vk,ne N, ze€ X y, (zyr) = Sz,

where 0,1, is Kreneker’s symbol, and the system {y;;},,c ;- will be called a b-biorthogonal
system to the system {y},,cn-
The system {yn},cn C Y is called b-basis in Z if

o0
Vee Z Man},en CX 2= anyn,

n=1

and the space of sequences {z,}, 5 is said to be a space of coefficients in b-basis

{yn} neN:
Let X be some B—space of sequences T = {Zp}, cn, Tn € X with coordinatewise

linear operations.
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If E, = {f = {0inx}cn, T € X} form a basis in X and the convergence in X
yields its coordinatewise convergences, then the B-space X is called a coordinate
B—space (briefly C B—space). Obviously, VZ € X, T = {Zn},cn

— 0, n— oo.

X

= {0umrtien
k=1

For Vn € N consider the operator e, : X — X determined by the expression

= {Zn},cny - From the basicity of E, in X, VZ € X,
(o.9]

€n (CC) = {5inxn}i€]\[a €

T = {xn},cn » We get T = Zen (). The system {en}, .y is called a canonical
n=1

basis of the CB-space X.

Let {yn}peny CY and {y;},cny C L(Z,X) be b-orthogonal systems.

The pair {yn; ¥y, } ey is said to be by -Bessel in Z if V2 € Z {y;; (2)},cn € X.
When the system {yn}, cx is b-complete, the system {yn}, . C Y is simply called
bg-Bessel in Z.

The pair {yn; Y5 }en is called by -Hilbert in Zif V& € X 32 € Z: {5 (2)}oen =
z. When the system {y, },,c v is b-complete, the system {y, },cy C Y is simply called
bs-Hilbert in Z.

Cite the criteria of bg-Bessel property and bg-Hilbert property from the paper
[4,5]. The following statements are true.

Statement 1. Let X,Y and Z be B—spaces, X be a CB-space of sequences
T = {xn},en, oo € X, with canonic basis {en},cn, {Yntneny C Y have the b-
biorthogonal system {y,},cn- Then, for the pair {yn;y,},cn to be bg-Bassel in Z,
it is necessary, in the case of b-completeness of the system {yn},cn, is sufficient
the existence of the operator T € L (Z, )?) 2T (zyn) = {0inx}icy, Ve € X, n€N.

By dire application of statement 1, we get that {y,},cy is bg-Bessel in Z iff

Z TnYn
constant.

Statement 2. Let X,Y and Z be B—spaces, X be a CB-space of sequences
T = {xn},ens Tn € X, with canonic basis {en},cn, {Untneny C Y and have the

, where ¢1 is a

for any finite sequence {z,} from X : Hzn}llg < @ ) 4

b—biorthogonal system {y,},cn- For the pair {yn;yn},cn to be bg-Hilbert in Z,
it is sufficient, in the case of completeness of the system {y;},cn n L(Z,X) is
necessary 35 € L ()Z', Z) 0 S ({(5mx}l-€N) =zy, V€ X, n€ N.

From statement 2 it follows that the system {y,},,c y is bg-Hilbert in Z iff for any
finite sequence {z,} from X HZ TnYn

. < ca2|{wn}ll 5 , where ¢z is a constant.

In the case when X is a space of coefficients in some b-basis, the following state-
ments are true.

Statement 3. Let XYY, Z and Z; be B-spaces, {yn}t,cny C Y have the
b-biorthogonal system {y;},cn, ® = {@ntnen C Y1 be some bi-basis in Zy with a
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space of coefficients Xo. Then, for the pair {yn;yn},cn to e bX_q) -Bassel in Z it is
necessary, and in the case b-completeness of the system {yn}, oy it is sufficient the
existence of the operator T € L(Z,Zy) : T (zvyn) =z *p, Vx € X, n € N.

Statement 4. Let X,Y,Y1,Z and Zy, be B-spaces, ® = {p,},cn C Y1 form a
b1-basis in Z1 with a space of coefficients )Nﬁp, {Wntnen CY have the b-biorthogonal
system {yp}nen- Then for the pair {yn;yn},en to be by -Hilbert in Z it is suf-
ficient and in the case of completeness {yy},cn ™ L(Z,X) of 3T € L(Z1,2) :
T(x*xp,) =2y, z€X,néecN itisnecessary.

2. The notion of b-basis.

b-basis in {y,},cny C Y in Z is called bg-basis in Z if its corresponding space of

coefficients is X.

Theorem 1. Let X,Y and Z be B-spaces, X be a CB-space of sequences
T = A{Tntpens Tn € X with canonic basis {en},cn » and {yn},cn be b-complete
and have the b-biorthogonal system {yn},cn- Then, for the system {yn},cn to be
simultaneously bg-Bessel and bg-Hilbert, it is sufficient and necessasy that {Wntnen
to be bg-basis in Z.

Proof. Necessity. Let the systen {y},cy simultaneously be bz-Bessel and
bg-Hilbert. Then from statements 1 and 2 it follows that there exist the operators
TelL (Z,)?) and S € L ()?,Z) c T (2yn) = {0int}icn , S{0inT}icny = Tyn VT €
X, n € N. Obviously, that (ST) (xy,) = xy,. Hence, since {yn}, o is b-complete,
then Vz € Z (ST)z = =. Take Vz € Z. Let T( ) =2, T = {xn}neN . Since

z = Zen , then S (Z ZS en ( anyn Since T = Zen , then

Z S (e = Z Tpln. S0, 2 = Z TnYn- The uniqueness of the represen-

tation z follows from the fact that {yn}ne N has the b- blorthogonal system {y},cn-
Thus, {yn},cn forms a bg-basis in Z with space of coefficients X.

Sufficiency. Let {y,},cy form a bg-basis in Z with space of coefficients X.
Consider the operator T': Z — X determined according to the expression T (z) = T,

o0
T = {a:n}ne N » Where z = anyn. It is clear that the operator T is well-defined,
n=1
linear and T (zy,) = {8ina},cn- Let 2™ — z asm — oo, T (2(™) = z(m), (M) =
{x,(lm)} N T (z(m)) — W as m — 00, W = {wy},cy. Show that T'(z) = w. Since
ne
2 5 2 m — oo, then x%m) — 2, as m — oco. On the other hand, from (™ — @
as m — oo it follows that 2\ — w,. So,w=uz,ie T (z(m)) — T (z) as m — oo.
Applying the theorem on a closed graph, we get the boundedness of the operator
T. By statement 1, the system {y,},cy is bg-Bessel. Linearity and boundedness

of the operator S : X — Z determined by the expression S (Z) = z, T = {@n},cn »
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o
where z = Z TnYn, is shown in the same way. By virtue of this we apply statement
n=1

4 and get bg-Hillbert property of the system {yn}, cny-

The theorem is proved.

Validity of the following statement follows from the proof of the theorem.

Corollory 1. Let X,Y and Z be B-spaces, X be a C B-space of sequences
T ={Zn},cn» Tn € X with canonical basis {e,},cy , and {yn},cn be b-complete
and have the b-biorthogonal system {y}, cn. Then, for the system {yn}, o to be
bs -bases in Z it is necessary and sufficient the existence of the boundedly invertible
operator T € L (Z, )?) (T (2yn) = {0imz}ieny Vo € X, n€N.

Corollary 2. Let X,Y and Z be B-spaces, X be a C B-space of sequences
T = {Tntyens Tn € X with canoncal basis {e,},cn, and {yn},eny C Y be b-
complete and have the b-biorthogonal system {y:}, - 5. Then for the system {y, },cn

to be a bg-basis in Z it is necessary and sufficient that for any finite sequence {z, }
from X:

ar etz < D e

where a; and a9 are some constants.

AN TS

Proof. The proof of the theorem directly follows from the theorem proved above

with using statements 1 and 2.

o0
Let )?p = {f ={Zn}pen, Tn € X : Z |lznllP < —1—00} . Having determined co-
n=1

ordinatewisely the linear operations in X, it is easy to show that H{acn}n6 NH 7 =
P

o0 1/p
(Z | > satisfies the axioms of the norm according to which X, is a B-space.
n=1

In the special case, if in place of the space X we take the space )~(p, then from
Corollary 1 we get validity of the following statement.

Corollary 3. Let X,Y and Z be B-spaces, be {y,},cny C Y b-complete and
have the b-biorthogonal system {y}, .. Then, for the system {yn},cn to be a
b Xp—basis in Z, it is necessary and sufficient that for any finite sequence {z,} from

ar[{2a}ll g < || D @apn

where a; and a9 are some constants.
Theorem 2. Let X,Y,Y1,Z and Zy be Banach spaces, {yn},cny C Y have the
b-biorthogonal system {yy},.cn » ® = {@ntpeny C Y1 be some bi-basis in Zy with

LS aloatlz -

space of coefficients Xg. Then, for the system {yn},cn to be simultaneously b)~(q>—
Bessel and b)~<q) -Hilbert in Z, it is necessary and sufficients that the system {yn},cn
to be b)}@—basis m Z.

Proof. Necessity. Let {y,},n be simultaneously b X@—Bassel and b Xq)—Hilbert
in Z. Then on the base of statements 3 and 4, there exist the operators T € L (Z, Z1)
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and S € L(Z1,Z) such that T (zy,) = x * ¢, S(x*¢,) = xyn, Vo € X, n € N.

Obviously, Vz € Z, take ST (z) = =. Take Vz € Z and let T (z) = = and 21 =

Zmn*gon We have z = S (21) ZS T * ©p,) Z:L‘nyn So, z—anyn

n=1
The uniqueness of the representation follows from the ex1stence of the b- blorthofonal

system {5 },en- S0, {Un}yen is a by - basis in Z.

Sufficiency. Let {y,},.n be a bg@—basis in Z with space of coefficients Xg.
Show that {yy }, ¢y is similtaneously b~ -Bessel and b~ -Hilbert in Z. Consider the
operators T : Z — Zy and S : Z; —> Z determmed by the expressions, T (z) = z1,

z = S (z1) respectively, where z = Z TnYn, 21 = Z Ty % Q.
n=1 n=1
Linearity of the operators 7" and S is obvious. Boundedness of the operators T’

and S follows from the fact that if 2™ — 2, T (z(m)) = z( m z1, then T'(2) = 21
and vice versa. On the other hand, it is clear that T' (xy,) = z*p,, S (x * ¢,) = Tyn.
Applying statements 3 and 4, we get the proof of the theorem.

The theorem is proved.

Corollary 4. Let X,Y, Y1, Z and Z; be Banach spaces, {yn},cy C Y have the b-
biorthogonal system {y:},,cn > ® = {¥, }en C Y1 be some by-basis in Z; with space
of coefficients X¢. Then, for the system {yn}tnen tobeabg -basisin Z if there exists
a boundedly invertible operator T'€ L (Z1,Z) : T (xy,) = x * ¢, Yx € X, n € N.

Thus, from the proved theorems we get the following statement.

Corollary 5. Let X be a CB-space of sequences & = {z,} Ty € X with

neN
canonical basis {e, },cy - Then all the b bases in Z are isomorphic
The authors express their gratitute to the Doctor of the science, prof. B. T.

Bilalov for the problem statement and discussion of the obtained results.
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