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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Hamlet F. GULIYEV, Subhiyya M. ZEYNALLI

ON APPLICATION OF OPTIMAL CONTROL
METHODS TO THE SOLUTION OF THE CAUCHY

PROBLEM FOR A SECOND ORDER ELLIPTIC
EQUATION

Abstract

In the paper, the Cauchy-Dirichlet ill-posed problem is considered for a linear
elliptic equation of second order.

This equation is reduced to an optimal control problem that is also ill-posed.
The obtained problem is regularized and investigated by means of optimal control
methods. Applying the Fourier method, we get the exact solution of the optimal
control problem and the solution of the Cauchy-Dirichlet input problem

Introduction.
In is known that the Cauchy-Dirichlet problem for an elliptic equation is an

ill-posed problem [1], [2], [3]. A.N. Tikhonov first found necessary to consider ill-
posed problems of mathematical physics and their tame statement. Such problems
often arise by describing various physical phenomena. Since the fiftieth of the past
century, many scientists systematically study these problems.

In the paper [4], the optimal control methods are used for solving the Cauchy-
Dirichlet ill-posed problem for Poisson equation in two-dimensional case. So, the
functional is introduced and at the expense of this functional the notation of the
conjugate boundary value problem is considerably complicated. In the present pa-
per a more natural functional at the expense of which the conjugate problem has a
simple form, is introduced for solving the Cauchy-Dirichlet ill-posed problem for a
more general linear elliptic equation of second order. Further, the Cauchy-Dirichlet
input problem is solved by the method of separation of variables.

1. Problem statement
In the cylinder QT = Ω× (0, T ) we consider the boundary value problem

∂2u

∂t2
−Au = f (x, t) , (x, t) ∈ QT , (1)

u = 0 at ST , (2)

u (x, 0) = ϕ0 (x) ,
∂u (x, 0)

∂t
= ϕ1 (x) , x ∈ Ω. (3)

Here Ω ⊂ Rn is a boundary domain in Rn with a smooth boundary Γ, ST = Γ×(0, T )

is a lateral surface of the cylinder QT , f ∈ L2 (QT ) , ϕ0 ∈
◦

W
1

2 (Ω) , ϕ1 ∈ L2 (Ω) are
the given functions;

Au = −
n∑

i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
,
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where aij (x) ∈ C1
(
Ω

)
, ∀ξ ∈ Rn and for all x ∈ Ω

n∑

i,j=1

aij (x) ξiξj ≥ ν
n∑

i=1

ξ2
i , ν = const > 0, aij (x) = aji (x) , i, j = 1, ..., n.

It is assumed that,
∂u (x, T )

∂t
∈ Uad, where Uad is a convex closed set from L2 (Ω).

It is known that this problem is ill-posed [3], [5].
To problem (1)-(3) assign the following optimal control problem: to find the

minimum of the functional

J (v) =
∫

Ω

[u (x, 0)− ϕ0 (x)]2 dx (4)

in Uad under restrictions

∂2u

∂t2
−Au = f (x, t) , (x, t) ∈ QT , (1) (1)

u = 0 at ST , (2)

∂u (x, 0)
∂t

= ϕ1 (x) ,
∂u (x, T )

∂t
= v (x) , x ∈ Ω. (5)

As is known, in theory of optimal control, problem (4), (1), (2), (5) is also
ill-posed [6].

Note that for f ∈ L2 (QT ) , ϕ1 ∈ L2 (Ω) , v ∈ L2 (Ω) boundary value problem
(1), (2), (5) has a unique solution from W 1

2 (QT ) [7].

2. Regularization of optimal control problem
It is known that the regularization method [2], [8] is one of the effective methods

for solving ill-posed problems.

In the problem under consideration, the functional α

∫

Ω

|v (x)|2 dx (α > 0) may

serve as a stabilizer.
Therefore we cosider a problem on minimization of the functional

Jα (v) = J (v) + α

∫

Ω

|v (x)|2 dx (6)

in the class Uad under restrictions (1), (2), (5).
Let u (x, t; v) be a solution of problem (1), (2), (5) corresponding to the given

control v ∈ Uad, u (x, t; 0) be a solution of problem (1), (2), (5) for v (x) ≡ 0. Accept
the following denotation:

a (v1, v2) =
∫

Ω

[u (x, 0; v1)− u (x, 0; 0)][u (x, 0; v2)− u (x, 0; 0)]dx+

+α

∫

Ω

v1 (x) v2 (x) dx,
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L (v) =
∫

Ω

[ϕ0 (x)− u (x, 0; 0)][u (x, 0; v)− u (x, 0; 0)]dx,

where a (v1, v2) is a bilinear continuous symmetric form on Uad, and L (v) is a linear
functional on Uad.

Then we can rewrite the functional (6) in the following form:

Jα (v) = a (v, v)− 2L (v) +
∫

Ω

[u (x, 0; 0)− ϕ0 (x)]2 dx.

Since a (v1, v2) is a bilinear continuous symmetric form and satisfies the condition

a (v, v) ≥ C ‖v‖2
L2(Ω) (C = const > 0) ,

then by the known theorem from [6, p.54], the followng theorem is valid.
Theorem 1. For optimal control problem (1), (2), (5), (6) there exists an

element v ∈ Uad such that Jα (v) = inf
v∈Uad

Jα (u) and this elemnt will be unique.

Further, by the theorem from [6, p.18], the following theorem is valid.
Theorem 2. In order v ∈ Uad be an optimal control, it is necessary and suffi-

cient that the inequalities be fulfilled

〈Jαv (v) , v − v〉 ≥ 0 ∀v ∈ Uad,

t.e. the following inequality is fulfilled
∫

Ω

[u (x, 0; v)− ϕ (x)]uv (x, 0; v) [v (x)− v (x)]dx+

+α

∫

Ω

v (x) [v (x)− v (x)] dx ≥ 0 ∀v ∈ Uad, (7)

where Jαv (v) is a Gato derivative of the finctional Jα (v) and uv (x, t; v) is a deriv-
ative of the solution of problem (1), (2), (5) with respect to v.

Transform the inequality (7). For that, write linear problem (1), (2), (5) in the
operator form

Bu = F ≡ {f, ϕ1, v} ,

moreover B : W 1
2 (QT ) → L2 (QT )× L2 (Ω)× L2 (Ω) .

Then we can write the solution uv (x, t; v) of this operator equation in the fol-
lowing form

u (x, t; v) = B−1F,

moreover B−1 exists ([7], [9]).
We differentiate this solution in the direction v − v :
Then equality (7) accepts the form:

∫

Ω

[u (x, 0; v)− ϕ0 (x)][u (x, 0; v)− u (x, 0; v)]dx+



112
[H.F.Guliyev, S.M.Zeynalli]

Proceedings of IMM of NAS of Azerbaijan

+α

∫

Ω

v (x) [v (x)− v (x)] dx ≥ 0 ∀v ∈ Uad. (8)

3. Optimality condition
Introduce a conjugate boundary value problem:

∂2ψ

∂t2
−Aψ = 0, (x, t) ∈ QT , (9)

ψ = 0 at ST , (10)

∂ψ (x, 0)
∂t

= u (x, 0; v)− ϕ0 (x) ,
∂ψ (x, T )

∂t
= 0, x ∈ Ω. (11)

Note that problem (9)-(11) has a unique solution from W 1
2 (QT ) [6]. By means

of this boundary value problem transform the first summand in inequality (8).
It we denote ũ (x, t) = u (x, t; v)− u (x, t; v), then it is clear that

∫

Ω

[
∂2ũ

∂t2
−Aũ

]
ψ (x, t; v) dxdt = 0,

where ψ (x, t; v) is a solution of problem (9)-(11).
Hence, by means of integration by parts and using conditions (2), (5) and (9)-

(11), we have:
∫

Ω

[
∂2ũ

∂t2
−Aũ

]
ψ (x, t; v) dxdt =

∫

Ω

[v (x)− v (x)]ψ (x, t; v) dx+

+
∫

Ω

[u (x, 0; v)− u (x, 0; v)]
∂ψ (x, 0; v)

∂t
dx = 0. (12)

Using the first condition of (11), from (12) we get
∫

Ω

[u (x, 0; v)− ϕ0 (x)][u (x, 0; v)− u (x, 0; v)]dx =

= −
∫

Ω

ψ (x, T ; v) [v (x)− v (x)] dx. (13)

From relations (13) and (8) it follows that
∫

Ω

[−ψ (x, T ; v) + αv (x)] [v (x)− v (x)] dx ≥ 0 ∀v ∈ Uad. (14)

Thus, we get an optimality condition in the form of the following theorem.
Theorem 3. In order the element ∀v ∈ Uad be an optimal control in problem

(1), (2), (5), (6), it is necessary and sufficient that it satisfy boundary value prob-
lems (1), (2), (5), (9)-(11) and variational inequality (14).
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4. Application of the Fourier method
For the solution of optimality conditions (1), (2), (5), (9)-(11) and (14) and we

use the Fourier method. We’ll look for the solutions of boundary value problems
(1), (2), (5) and (9)-(11) in the form

u (x, t) =
∞∑

k=1

uk (t) Xk (x) , ψ (x, t) =
∞∑

k=1

ψk (t) Xk (x) ,

where Xk (x) and λk, k = 1, 2, ... are the sysyems of orthonormed eigen functions
and eigen values for the spectral problem

AX (x) = λ2X (x) , X|Γ = 0. (15)

For v = v from (1), (2), (5), (9)-(11) and (14) we get
{ ··

uk (t)− λ2
kuk (t) = fk (t) , t ∈ (0, T ) ,

·
uk (0) = ϕ1k,

·
uk (T ) = vk, k = 1, 2, ...,

(16)





··
ψk (t)− λ2

kψk (t) = 0, t ∈ (0, T ) ,
·
ψk (0) = uk (0)− ϕ0k,

·
ψk (T ) = 0, k = 1, 2, ...,

(17)

[−ψk (T ) + αvk] [vk − vk] ≥ 0 ∀vk , k = 1, 2, ..., (18)

where fk (t) , ϕ0k, ϕ1k, vk, vk, k = 1, 2, ... are the Fourier coefficients of the functions
f (x, t) , ϕ0 (x) , ϕ1, v (x) , v (x) , in the system {Xk (x)}.

By means of the known methods of ordinary differential equations, we can rep-
resent the solution of boundary value problems (16) and (17) in the form

uk (t) =
vkchλkt

λkshλkT
− ϕ1kchλk (T − t)

λkshλkT
+

T∫

0

Gk (t; τ) fk (τ) dτ, (19)

ψk (t) = − [uk (0)− ϕ0k]
λkshλkT

chλk (T − t) , k = 1, 2, ..., (20)

where

Gk (t; τ) =




− 1

λk

chλk (T − τ)
shλkT

chλkt, t ∈ [0, τ ]

− 1
λk

shλk (t− τ)− 1
λk

chλk (T − τ)
shλkT

chλkt, t ∈ [τ , T ]

is the Green function of problem (16).
From (19), (20) and (18) we find

uk (0) =
vk

λkshλkT
− ϕ1kchλkT

λkshλkT
+

T∫

0

Gk (0; τ) fk (τ) dτ ;

−ψk (T ) = −uk (0)− ϕ0k

λkshλkT
;



114
[H.F.Guliyev, S.M.Zeynalli]

Proceedings of IMM of NAS of Azerbaijan

[uk (0)− ϕ0k + αλkshλkT · vk] [vk − vk] ≥ 0 ∀vk , k = 1, 2, ..., (21)

We transform conditions (21) to the form:
[
vk

(
1

λkshλkT
− αλkshλkT

)
− ϕ1kchλkT

λk
− ϕ0k+

+

T∫

0

Gk (0; τ) fk (τ) dτ


 [vk − vk] ≥ 0 ∀vk , k = 1, 2, ..., (21′)

Now consider the case Uad = L2 (Ω). Then from conditions (21’) we get that

vk = β−1
kα


ϕ0k + ϕ1k

cthλkT

λk
−

T∫

0

Gk (0; τ) fk (τ) dτ


 , (22)

where βkα =
1 + αλ2

ksh
2λkT

λkshλkT
, k = 1, 2, ....

Thus we find optimal values of the Fourier coefficients vk of the function v (x).
Further, as α → 0 from (19) and (22) we have

uk0 (t) = lim
α→0

uk (t) = ϕ0kchλkt + ϕ1k

chλktcthλkT

λk
− chλkt

T∫

0

Gk (0; τ) fk (τ) dτ−

−ϕ1kchλk (T − t)
λkshλkT

+

T∫

0

Gk (t; τ) fk (τ) dτ, (23)

vk0 = lim
α→0

vk = ϕ0kλkshλkT + ϕ1kchλkT − λkshλkT

T∫

0

Gk (0; τ) fk (τ) dτ. (24)

Furthermore, the solutions of ukt found by formula (19) according to optimal
coefficients vk , k = 1, 2, ..., found by formula (22), should satisfy the limit relations
lim
α→0

uk (0) = ϕ0k that really hold. This agrees with the condition u (x, 0) = ϕ0 (x)

from (3).
Thus, the exact solution of problem (4), (1), (2), (5) is represented by the formula

v (x) =
∞∑

k=1

λkshλkT


ϕ0k +

ϕ1kcthλkT

λk
−

T∫

0

Gk (0; τ) fk (τ) dτ


Xk (x) ,

and the solution for input problem (1)-(3) is obtained in the following way:

u (x, t) =
∞∑

k=1

[
ϕ0kchλkt +

ϕ1k

λkshλkT
(chλkt + chλkT − chλk (T − t))

]
−

−chλkt ·
T∫

0

Gk (0; τ) fk (τ) dτ +

T∫

0

Gk (t; τ) fk (τ) dτ


Xk (x) .
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The following follow from equalities (23) and (24):
a) Due to the growth of the index k the Fourier coefficients of the fucntions v (x)

and uk (t) may unboundedly increase if this increase will not be ”repressed” by more
rapid decrease of absolute quantities of the coefficients ϕ0k, ϕ1k and the values of
the norm ‖fk (t)‖L2(0,T ) ;

b) Under the above mentioned condtions on the data, boundary value problem
(1)-(3) has a unique L2-strong solution [10] iff

{λk exp {λkT}ϕ0k}∞k=1 , {exp {λkT}ϕ1k}∞k=1 ,

{
λk exp {λkT} · ‖fk (t)‖L2(0,T )

}∞
k=1

⊂ l2. (25)

Therefore, the nature of ill-posedness in the Cauchy-Dirichlet problem (1)-(3)
becomes clear.

c) In order to get the analogy of the Hadamard example, in problem (1)-(3) we
take:

n = 1, Ω = [0, π] , T = 1, a11 (x) = 1, f (x1, t) ≡ 0, ϕ0 (x1) ≡ 0,

ϕ1 (x1) = exp
{
−
√

k
}

sin kx1, k ∈ N.

The solution of the Cauchy-Dirichlet problem for the Laplace equation will be
of the form:

u (x1, t) =
1
k

exp
{
−
√

k
}

sin kx1shkt, k ∈ N (26)

and it is unique. Furthermore, as k → ∞ the function ϕ1 (x1) uniformly tends to
zero not only itself, all its derivatives also belong to L2 (0, π). However, the solution
of (26) for any t > 0 has sinusoids with arbitrarily large amplitude and doesn’t
belong to the space L2 (QT ).

For the function ϕ1 (x) to satisfy condition (25), it is necessary and sufficient that
the Fourier coefficients ϕ1 (x) to have asymptotics for large k of order exp {− (1 + ε) k},
where ε > 0. In the considered example there is an asymptotics only of order
exp

{
−
√

k
}

, that is obviously unsufficient for the well-posedness of the Cauchy-
Dirichlet problem for the Laplace equation.

In order to get an analogy of the Hadamard example in problem (1)-(3) in
three-dimensional case we can take Ω = (0, π) × (0, π) , T = 1, a11 (x1, x2) = 1,
a12 (x1, x2) = a21 (x1, x2) = 0, a22 (x1, x2) = 1, f (x1, x2) ≡ 0, ϕ0 (x1, x2) ≡ 0,

ϕ1 (x1, x2) ≡ exp
{
−

√
k2

1 + k2
2

}
sin k1x1 sin k2x2, k = (k1, k2) , k1, k2 ∈ N . Then

the solution of the Cauchy-Dirichlet problem for the Laplace equation
∂2u

∂t2
+

∂2u

∂x2
1

+

+
∂2u

∂x2
2

= 0 will be of the form:

u (x1, x2, t) =
1√

k2
1 + k2

2

exp
{
−

√
k2

1 + k2
2

}
sin k1x1 sin k2x2sh

√
k2

1 + k2
2t.

Similar reasonings are true in this example as well.



116
[H.F.Guliyev, S.M.Zeynalli]

Proceedings of IMM of NAS of Azerbaijan

References

[1]. Lavrentyev M.M. On Cauchy problem for Poisson equation. Izv. AN SSSR.
ser.mat., 1955, 296, pp.819-842 (Russian).

[2]. Tikhonov A.N., Arsenin V.Ya. Solution methods for ill-posed problems. M.:
Nauka, 1979 (Russian).

[3]. Kabanikhin S.I. Inverse and ill-posed problems. Sub. sci. publ. Novosibirsk,
2009 (Russian).

[4]. Amangaliyeva M.M., Jenaliyev M.T., Imanberdiyev K.B.. On optimizational
solution method of Cauchy-Dirichlet problem for Poisson equation. J.Inv. ILL-Posed
Problems 2007, 15, pp.1-10 (Russian).

[5]. Lattece R., Lions J.-L. Methods of quasi-innersion and its applications. M.:
Mir, 1970.

[6]. Lions J.-L. Optimal control of systems desribed by partial equations. M.:
Mir, 1972 (Russian).

[7]. Ladyzhenskaya O.A. Boundary value problems of mathematical physics. M.:
Nauka, 1973 (Russian).

[8]. Vasil’ev F.P. Optimazation methods. M.: Faktorial, Press., 2002 (Russian).
[9]. Trenogin V.A. Functional analysis. M.: Nauka, 1980 (Russian)
[10]. Dezin A.A. General problems of theory of boundary value problems. M.:

Nauka, 1980 (Russian)

Hamlet F. Guliyev
Baku State University
23, Z.I. Khalilov str., AZ 1148, Baku, Azerbaijan
Tel.: (99412) 539 47 20 (off.)

Sulhiyya M. Zeynalli
Ganja State University
187, Sh.I. Khatai str., AZ 2000, Ganja Azerbaijan

Received January 25, 2012; Revised March 07, 2012.


