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Abstract

In the paper an optimal control problem for a weakly nonlinear hyperbolic
equation with a phase restriction is considered. Using the penalty functions and
introducing a conjugate problem, an expression of the gradient of the functional
of the stated problem is found.

Optimal control problems for systems described by hyperbolic type nonlinear
equations at non-availability of phase restrictions have been investigated well in the
papers [1]-[3]. But optimal control problems for a hyperbolic equation with phase
restrictions are investigated lately in Goursat-Darboux system [4]-[6]. In the present
paper, an optimal control problem for a weakly nonlinear hyperbolic equation with
phase restriction is considered. For the solution of the problem, the penalty method
is used, a conjugate problem is introduced and an expression for the gradient of the
functional of the stated problem is found.

Let the controlled process in Q = (0, l) × (0, T ) be described by the hyperbolic
equation

∂2u (x, t)
∂t2

− ∂2u (x, t)
∂x2

= f (x, t, u (x, t) , υ (x, t)) (1)

with initial and boundary conditions

u (x, 0) = u0 (x) ,
∂u (x, 0)

∂t
= u1 (x) , x ∈ (0, l) , (2)

∂u (0, t)
∂x

= 0,
∂u (l, t)

∂x
= 0, t ∈ (0, T ) , (3)

where u0 ∈ W 1
2 (0, l), u1 ∈ L2 (0, l) are the given functions, f (x, t, u, υ) is the given

Caratheodary function, i.e. is measurable in (x, t) ∈ Q for all (u, υ) ∈ R × R is
continuous with respect to (u, υ) ∈ R × R almost for all (x, t) ∈ Q, has a bounded
derivative with respect to u and a derivative with respect to υ almost for all (x, t) ∈ Q

and for all (u, υ) ∈ R × R, moreover
∂f (x, t, u, υ)

∂u
,

∂f (x, t, u, υ)
∂υ

almost for all

(x, t) ∈ Q and for all (u, υ) ∈ R×R satisfies the Lipschitz condition.
In place of admissible controls Ud we take a set of functions υ (x, t) from L2 (Q),

i.e. Ud ⊆ L2 (Q).
For each admissible control υ (x, t), under the solution of problem (1)-(3) we

understand the function u (x, t) ∈ W 1
2 (Q) satisfying the initial condition u (x, 0) =

u0 (x) and the integral identity

∫∫

Q

(
−∂u

∂t

∂Φ
∂t

+
∂u

∂x

∂Φ
∂x

)
dxdt−

l∫

0

u1 (x)Φ (x, 0) dx =
∫∫

Q

f (x, t, u, υ) dxdt,

for any function Φ (x, t) ∈ W 1
2 (Q), Φ (x, T ) = 0 [7].




