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ON EXISTENCE OF SOLUTION ON NONLOCAL
CONDITION OPTIMAL CONTROL PROBLEM FOR

WAVE EQUATON

Abstract

A non-local boundary condition optimal control problem for a wave equation
is considered. At first, the existance of the solution of the initial-boundary value
problem is proved for each control. Then, the existence theorem of the optimal
control is proved.

1. Problem statement. Suppose that the controlled process is described by
the equation

∂2u

∂t2
−∆u = f(x, t, u(x, t), ϑ(x, t)), (1.1)

with initial conditions

u(x, 0) = ϕ0(x),
∂u(x, 0)

∂t
= ϕ1(x) (1.2)

and non-local condition

∂u

∂ν
=

∫

Ω

K(x, y)u(y, t)dy of ST , (1.3)

where u(x, t) is the state of the process, ϑ(x, t) is a control function, QT =
= {(x, t) |x ∈ Ω, 0 < t < T } , Ω is a bounded domain in Rm with smooth boundary
∂Ω, ST = {(x, t) |x ∈ ∂Ω, 0 < t < T } is a lateral surface of the cylinder QT , ν is an
external normal to ST .

As a classof admissible controls Uad we take a set of measurable and bounded
r dimensional vector-functions ϑ(x, t) in QT such that almost for all (x, t) the values
of these functions belong to the compact set V ⊂ Rr, V 6= ∅.

We state the following problem: find an admissible control from Uad that together
with appropriate solution of problem (1.1)-(1.3) delivers minimum to the functional

J(ϑ) =
∫

QT

f0(x, t, u(x, t), ϑ(x, t))dxdt. (1.4)

Under the general solution of problem (1.1)-(1.3) for the given control function
ϑ(x, t) we understand a function u(x, t) ∈ W 1

2 (QT ) that for any function Φ(x, t) ∈
W 1

2 (QT ) such that Φ(x, T ) = 0 satisfies the intergal identity:

T∫

0

∫

Ω

(
−∂u

∂t

∂Φ
∂t

+∇u∇Φ
)

dxdt−
T∫

0

∫

∂Ω

Φ(x, t)
∫

Ω

K(x, y)u(y, t)dydsdt =

=
∫

QT

f(x, t, u(x, t), ϑ(x, t))dxdt +
∫

Ω

ϕ1(x)Φ(x, 0)dx (1.5)




