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ANGULAR BOUNDARY VALUES OF POISSON
INTEGRAL IN TERMS OF MEAN OSCILATION

Abstract
In this paper angular boundary values of Poisson integral are investigated

when conditions on integral density are set in terms of mean oscillation of func-
tions. Namely, in terms of mean oscillation for the quantity |Pyf (x)− f (I (x0, y))|
upper bounds are obtained, where Pyf (x) is Poisson integral and f (I (x0, y))
denoted the average of functions f in the set I (x0, y) := [x0 − y, x0 + y].

Introduction
Structural properties of singular integral operators (multidimensional, in general)

in terms of the mean oscillation of functions were investigated by many authors (see,
for instance, [1], [3], [4] and papers cited in these works). In one-dimensional case
it is a question of Hilbert transform.

In the present work the angular boundary value of Poisson integral over real line
R = (−∞,+∞) is investigated. Conditions on the density of integral are given in
terms of the mean oscillation of functions.

The paper is organized as follows. In section 1 we provide necessary prelim-
inaries and notations. In section 2 we obtained upper estimate for the quantity
|Pyf (x)− f (I (x, y))|, where Pyf (x) is Poisson integral and f (I (x, y)) denoted the
average of functions f in the set I (x, y) := [x− y, x + y]. In section 3 we obtained
upper estimate for the quantity |Pyf (x)− Pyf (x0)|, where x0 ∈ R is a fixed point.
In section 4 we obtained upper estimate for the quantity, |Pyf (x)− f (I (x0, y))|,
where x0 ∈ R is a fixed point and f (I (x0, y)) denoted the average of functions f in
the set I (x0, y) := [x0 − y, x0 + y].

1. Preliminary results and definitions
Let’s introduce the following designations

Py (x) =
1
π

y

x2 + y2
, y > 0, x ∈ R,

Pyf (x) :=
1
π

∫

R

y

(x− t)2 + y2
f (t) dt = Py ∗ f (x) , y > 0, x ∈ R,

where f is a locally integrable function, i.e. f ∈ Lloc (R).
Let f be a function locally integrable in R, that is f ∈ Lloc (R), I (x, r) :=

[x− r, x + r], where x ∈ R, r > 0, |I (x, r)| be the length of the segment I (x, r),
and let

f (I (x, r)) :=
1

|I (x, r)|
∫

I(x,r)

f (t) dt, Ω(f, I (x, r)) =

=
1

|I (x, r)|
∫

I(x,r)

|f (t)− f (I (x, r))| dt.

Ω(f, I (x, r)) is called the mean oscillation of the function f on the segment
I (x, r). Let x0 ∈ R be a fixed point. Let’s designate

mf (x0; δ) = sup {Ω (f, I (x0, r)) : r ≤ δ} , δ > 0,




