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PROBABILITY OF CROSSING THE NONLINEAR

BOUNDARY BY MARKOV CHAIN TRAJECTORY

Abstract

In the work a theorem on the asymptotic behavior of conditional probability
of crossing the nonlinear boundary by Markov chain trajectory is proved.

1. Introduction. Let on some probability space (Ω, F, P, ) the Markov chain
X = (Xn, n ∈ Z+) , Z+ = {0, 1, 2, ....} be given with the values on a real line
R = (−∞,∞) and with transition probability

P (Xn+1 ∈ B/Xn = x) = Pn (x, B) ,

where x ∈ R, and B ∈ β (R) is σ- algebra of Borel sets in R.
Assume that fa (t) , t > 0 is a family of nonlinear functions (boundaries) depen-

dent on a growing parameter a > 0.
Consider a family of the first passage times

τa = inf {n : Xn > fa (n)}

of nonlinear boundaries fa (t) by the Markov chain trajectory Xn.
In the case when the Markov chain is an ordinary process Sn = ξ1 + ... + ξn of

summation of independent random variables ξ1, ξ2, ..., the first passage time τa was
the investigation object of a lot of papers. The results in this direction may be found
in the books [13], [14], and also in the papers [8], [10]. The case Xn 6= Sn was not
studied enough. This circumstance is connected with the fact that in the situation
of ordinary summation of independent random variables there exists an apparatus
for studying limit theorems for the sum Sn. Important limit theorems (central limit
and local limit theorems) for Markov chain were studied in the recent paper [7].
These limit theorems allow to study integral and local limit theorems for τa and
also the behavior of probability of crossing the boundary by the Markov chain.

Nowadays there are many papers in which the boundary value problems for the
Markov chain are studied, i.e. the problems related to crossing the boundary by the
Markov chain trajectory [1-6], [9], [11], [12].

In the present paper, the asymptotic behavior of conditional probability
P (τa ≥ n|Xn = x) as x = x (a) → ∞ and a → ∞ of crossing the boundary by
the Markov chain Xn is studied.

For the case Xn = Sn this problem was studied in the works [1], [2] and [14].

2. Conditions and formulation of the main result. Following the paper
[5], with respect to the Markov chain Xn = Xn (u) we’ll assume that it is time




