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GRADIENT OF THE FUNCTIONAL IN THE
OPTIMAL CONTROL PROBLEM WITH

NON-LOCAL CONDITIONS FOR THE WAVE
EQUATION

Abstract

In the work using the scheme for the calculation of the gradient of the func-
tional from [8], the expression of the gradient is obtained for the functional
in one optimal control problem for the wave equation with non-local boundary
conditions.

Introduction. Mathematical models of some processes in physics, chemistry
and biology are described by a partial differential equation with non-local boundary
conditions. It stimulated by the fact that characteristical quantities of processes is
not possible to measure locally or they are given by their average values. Therefore
investigation of the optimal control problems in such problems is important both
from practical and theoretical points of view.

Among non-local problems the great interest represent the problems with inte-
gral conditions. Such conditions are met, for example, at modeling of the plasma
phenomena, some technological processes of damp caring in porous media, and also
in inverse problems and in the problems of mathematical biology at the description
of dynamics of number of population of individuals and in demography problems.
Occurrence of the integral conditions are generated by the limited possibilities for
measurement of those or other real characteristics in the considered area. Therefore
investigation of the problems of optimal control in such processes has important
values. It should be noted that the problems of optimal control for the hyperbolic
equations with non local conditions have been studied insufficiently. In this direction
we can note only some close works [1, 2, 4, 5, 7].

Problem statement. Let the considered process be described in
QT = {(x, t) : x ∈ Ω, 0 < t < T} by the equations

∂2u

∂t2
−∆u = f (x, t, u (x, t) , ϑ (x, t)) , (x, t) ∈ QT (1.1)

with initial

u (x, 0) = φ0 (x) ,
∂u (x, 0)

∂t
= φ1 (x) , x ∈ Ω, (1.2)

and non-local conditions

∂u

∂ν

∣∣∣∣
ST

=

∫
Ω

K (x, y)u (y, t) dy, x ∈ ∂Ω, 0 < t < T, (1.3)

where u (x, t) is a state function, ϑ (x, t) is a controlling function, Ω is a bounded
domain inRn with smooth boundary ∂Ω; ST = {(x, t) : x ∈ ∂Ω, 0 < t < T} is lateral




