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ON SOLVABILITY OF A BOUNDARY VALUE
PROBLEM WITH AN OPERATOR IN THE
BOUNDARY CONDITIONS FOR A CLASS OF
THIRD ORDER OPERATOR-DIFFERENTIAL
EQUATIONS

Abstract

In the paper we investigate a boundary value problem for a third order
operator-differential equation with a discontinuous coefficient in one of the bound-
ary conditions where some linear operator participates. The conditions ex-
pressed by means of the properties of operator coefficients are found. Under
these conditions the considered boundary value problem is uniquely and well
defined.

Consider in separable space H the boundary value problem
—u" () + p(t) Au(t) = f(t), teRy=][0,400), (1)

u(0) = Ku” (0), 4/ (0)=0, (2)

where f (t) € Ly (Ry; H), u(t) € W3 (Ry; H), p(t) = o, if 0 <t <1, p(t) = if
1 < t < 400 moreover, «, 3 are positive, generally speaking, numbers not equal to
each other, the operator coefficients satisfy the following conditions:

1) A is a positive-definite self-adjoint operator (i.e. A= A* > cE, ¢> 0, Eis a
unit operator);

2) the operator K € L (Hl/z, H5/2).

Here Hy = D (A7), (z,y)y, = (AVz, A7), v,y € D(A7), v 2 0, L (X,Y) is the
space of linear bounded operators acting from the space X to the space Y,

1/2

+oo
L (R ) = £ Wiy = | [ WP @I dt)  <ovoo .
0

W3 (Rys H) = {u(t) :u" (t), A% (t) € Loy (Ry; H),

) 1/2
lullws (g, .m) = (H“///H;(RHH) + “Agu“Lg(R+;H)> }

(see [1]).
Definition 1. If the vector-function u (t) € W3 (Ry; H) satisfies equation (1)
always everywhere in Ry, then it is said to be a regular solution of equation (1).
Definition 2. If for any f (t) € La (R4; H) there exists a unique regular solution
of equation (1) that satisfies boundary conditions (2) in the sense

tim [ (6) — K (0)| 5, =0, i o/ (0], . =0

then we say that boundary value problem (1), (2) is regularly solvable.
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The boundary value problems an a semi-axis for second order elliptic operator
differential equations with an operator in the boundary condition were studied in
[2,3] (see also their references). As it is seen, in boundary value problem (1), (2), one
of the boundary conditions in zero contains some linear operator. Such problems
for equations (1) for « = 3 = 1 were investigated on the finite segment in [4], on
the semi-axis in [5]. Note that boundary value problem (1), (2) for K = 0 was
investigated in [6], [7].

In the present paper, we obtain the conditions expressed by the operator coeffi-
cients of boundary value problem (1), (2) that provide its regular solvability.

To this end, denote the subspace of the space W23 (R4; H) dictated by boundary
conditions (2) by

Wiy (Ryes H) = {u(t) su(t) € Wi (Ras H) , u(0) = Ku" (0), w/ (0) = 0},

and by Py the operator acting from the space W23’K (R+; H) to the space Ly (R4; H)
by the rule

Pou(t) = —u" (t) + p(t) A%u(t), u(t) € W5 (Ry H).

Assume & (c1, ¢2, ¢3) = c1 v/ 8% + co /a4 c3vVa2. Denote by o (B) the spectrum
of the operator B.
Theorem 1. Let conditions 1), 2) be fulfilled, —

the operator

r ¢ o (A5/2KA_1/2) and

Kop= (E + WK/P) (/-i (w1, 1,w9) eValwa-DA _ (1,1,1) E) —

— (E + ngKAQ) (H (w1, wa, 1) e V@1 =DA _ (1 wy, w1) e%(“’z_l)A)

be boundedly invertible in the space Hy o, where w1 = + \fz and wy = %— @z

Then the equation Pyu = 0 has a unique zero solution from the space
W3 i (R H).

Proof. The general solution of the equation Pyu (t) = 0 from the space
W3 (Ry; H) has the form [7]

ug (1) = eVortdpy 4 eVowatip, e Vel-A,, if  0<t <1,
ug (t) =
up2 (t) = eg/a‘”l(t_l)Ago:s + 6‘3/3“’2(’5_1)‘4@1, if 1<t < +oo,

where @, @1, o, 3, @4 € Hsjp. From the condition ug (t) € W3, (R H) we
have:

uo,1 (0) = Kug, (0),
u6,1 (0) =0,

uo,1 (1) = up2 (1),
“6,1 (1) = “6,2 (1),
up 1 (1) =ugo (1).
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Therefore we get the following system of equations with respect to ¢y, ¥, Y9, ©3, @4t

( o+ 1 + e Vo, = ValK A? (W%% +wior +e” %A%) )

wipg + wapy + e~ VoA, =0,

6’%‘”“4800 teVowrdy o, = ©3 + Py, (3)
%WIQ%MA% + Yawge Vawedy, + Yap, = VBwips + V/Bwagy,
VaZuteVonrdp, + a2uie Vowrtp) + Valp, = V/BPutes + VB wies.

Since wiws = 1, w1 + we = —1, w} = wy, w3 = wy, from system (3) after simple
transformations we have:

1 = —wapy —wie” V¥, )
(E + \3/072KA2) Yo — w1 (E + \3/072002[(142) e %AS% =0, (5)

(E + WKA2> (/-i (w1, 1,w9) eValw—DA _ (1,1,1) E) Yo—
_ (E + WWQKA2> (K, (wy,wa, 1) eValwi-DA_

—£ (1, wa,wy) 6%(“’2_1)A) o = Kappo = 0. (6)

By the condition of the theorem, K, g is boundedly invertible in the space Hjj.

Then it follows from equation (6) that ¢, = 0. In this case, equation (5) under

the condition —ﬁ ¢o (A5/ KA 2) yields that ¢, = 0. Consequently, from
awo

equation (4) ¢; = 0. Taking into account ¢y = ¢; = ¢y = 0, in the last two
equations of system (3), we get ¢35 = ¢, = 0, i.e. ug (t) = 0. The theorem is proved.

Now, consider boundary value problem (1), (2).

Theorem 2. Subject to the conditions of theorem 1, problem (1), (2) is reqularly
solvable.

Proof. At first show that the equation Pyu (t) = f (¢) has the solution u (t) €
W23K (Ry; H) for any f (t) € Lo (R4 H).

Denote by
1 “+oo +oo
vy (t) = 27T/ (i E + ad®) ™" /f(s) e %5ds | e'8de, t € R,
—00 0
and
1 +oo +o0
va () = o / (i’E + pA®) ™ / f(s)e ®%ds | e'8de, t € R.
—00 0
It is clear that the functions v; (t) and v (¢) satisfy the equations
d’v (t) 3
S et = 1)

and
d3v (t)

dt3

+pA%(t) = f (1),
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respectively, in R, almost everywhere. Show that vq (t) and vg (t) belong to W (R; H).
Note that from Plancharel’s theorem it follows that it suffices to show the belonging
to the space Lo (R; H) of the quantities A30; (£), 53@]- (€), j = 1,2, where 01 (£) and
Uy (§) are Fourier transformations of the functions v; (§) and vy (§), respectively.
From the spectral theory of self-adjoint operators it follows that

14%01 () gy = ||A4° (7B +0a®) ™ F(9) <

La(R;H)

N

i ©)|

<

<ol o, 170],

{ER

<sup sup ’03 (i§3 + 040’3)_1‘ Hf(f)‘
£ER oeo(A)

1G]

Here f () is the Fourier transformation of the function f (t). Similarly, it is proved
that €301 (€) € Lo (R;H). Consequently, vy (€) € W3 (R;H). Thus, vy (§) €
W3 (R; H). Now, denote the contractions of the functions vy (t) on [0,1) and wvs (t)
on (1,+00) by uq (t) and ug (t), respectively. Obviously, uq (t) € W3 ([0,1); H),
ug (t) € W3 ((1,400) ; H). Continuing, denote by

wy (t) =g (8)+eVowrtdy, o Vawatdy, 4 o= Val-DAy, if ()<t <1,

H—H

Lo(R;H)

= const = const HfHLQ(R;H) :

Lo(R;H)

u(t) =
ug (t) = ug (t) + e\g/ml(t*l)Awg 4 eVBat=DAy if 1 < t < +oo,
where the vectors v, ¥y, ¥y, ¥3, ¥y € Hs/; and we determine them from the

conditions that w (t) € W23 i (Ry; H), ie. the equalities of the following system
should we fulfilled:

uy (0) = Kuy (0),
uy (0) =0,

up (1) = uz (1),
uy (1) =5 (1),
uy (1) = ug (1).

Consequently, we get the following system of equations with respect to ¥, ¥, V9,

g, Wy

;

Ua (0) + g + o1 + e~ Voo, = Kull (0) +
+ VP K A? (Wi + whip) + e Vahg, ),

up, (0) + Yawi Ay + Yaws Ap, + YaAe™ Vodp, =0,
uq (1) + 6%°“A<Po +eVowrdy 4o, = ug (1) + 3 + ¢y,

wl, (1) 4 Yawi Ae Vordo) 4 Yawy AeVowrdp 4 JaAp, =
= uj (1) + V/BwiAps + V/Bw2 Apy,

ul” (1) + Va2w? A%e %“’1‘4@0 + v a2ng26‘3/a“’2Ag01 + Va2A%p, =
= ul} (1) + V/B*wi A%ps + ¥/ B°w3 A%0,.




Proceedings of IMM of NAS of Azerbaijan 113
[On solvability of a boundary value problem]

In its turn, hence we get:

$o o1 t+e %AS% — Va2K A? (w%% + wip +e” %A%) =
= Kul! (0) — uq (0),
Yawipy + Yawsp, + Yaem VAo, = — A7, (0),

VoA, +eVawadp ) — op — ) = ug (1) — uq (1),

(7)
YowreVaurdp, + Yawme Vo2l + Yap, — YBuwipy — V/Bwapy =

= A7t (1)~ (1),
VaZuie Vot + Valwie Vowrto, + Valpy -/ FPwlos—
—/Pudos = A7 (uf (1) -l (1))

Since uq (t) € W3 ([0,1); H) and ug (t) € W5 ((1,+00); H), then from the theorem
on traces [1, chp.1] it follows that

\

Kl (0) —ua (0), A"l (0), ug (1) —ua (1),

AT (u (1) = ug (1)), A7 (uf (1) —ug (1))
belong to Hs/o. Then from system (7), through these quantities, behaving as in

system (3), and taking into account that K, g is boundedly invertible in the space
Hs ;5 and —ﬁ ¢ o (A5/2KA*1/2), we obviously get that all the vectors v, ¥,
alwo

Yy, V3, ¥y € Hs/o. Consequently, u (t) € W23K (Ry+; H).
On the other hand, for u (t) € VV23 x (R4; H) it holds the inequality

d3u 2
2 2
1PoullLy(ryrn) = H_dta + pAu < 2max (1;0% 82) ullfysm. ) -

Lo(Ry;H)

As the problem
—u" () + p(t) A%u(t) =0, t€ Ry,

u (0) = Ku” (0), «'(0)=0

by theorem 1 has only a zero solution from the space W3 . (R; H), then from

the Banach theorem on an inverse operator, there exists Py VL (Ry;H) —
W3 5 (Ry; H) and it is bounded. Hence it follows that

||u||W§(R+;H) < const ||f||L2(R+;H) :

The theorem is proved.
From theorems 1 and 2 it follows that the operator Py under conditions of the-
orem 1 realizes isomorphism between the spaces W23 x (Ry; H) and Lo (R4 H).
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