Proceedings of IMM of NAS of Azerbaijan, 2013, vol. XXXVIII (XLVI), pp. 17-24. __17

Sevindj F. BABAYEVA

ON SOLVABILITY OF A BOUNDARY VALUE
PROBLEM FOR A CLASS OF
OPERATOR-DIFFERENTIAL EQUATIONS OF
THIRD ORDER

Abstract

In the paper a boundary value problem for a class of operator-diffrential
equations of third order is considered. The equations and boundary conditions
are perturbed by some operators. Sufficient conditions on the coefficients of the
equation and the operator participating in the boundary conditions, and that
provide regular solvability of the problem under consideration are obtained.

Let H be a separable Hilbert space, A be a positive-definite self-adjoint oper-
ator in H, and H, = D(A”) be a Hilbert space with the scalar product (z,y), =
(A%x, A%y), v >0, Hy = H. Denote by Ly(Ry; H) Hilbert space of vector-
functions with the values in H, measurable, quadratically integrable in the Bochner

sense with the norm

1/2

—+o00
Vo) = /uf<t>||2dt <
0

Introduce the Hilbert space [1]
W3 (R H) = {u:u" € Ly(Ry; H), A*u € Ly(Ry; H)}

with the norm

B 9 3 12 1/2
lullws(rym) = (H“//,HLQ(R+;H) +4 “HLQ(R+;H)) '
Let L(X;Y) be the space of bounded operators acting from the space X to the

space Y. Assume that K € L(W3(Ry;H), Hs /2) and define the subspace of the
space W3 (R,; H)

W3 e(Rys H) = {u:u € W3 (Ry; H),u/'(0) = 0,u”"(0) = Ku} .

Obviously W23 k(R4 H) is a complete Hilebrt space. For R = (—00, 00) the spaces
Ly(R; H) and W3(R; H) are defined similarly.
Consider in space H the boundary value problem
3

P(d/dtyu(t) = u" — APu+> " Ag_jul) = f(t), teRy, (1)
j=0
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W'(0) =0, v (0)=Ku, (2)

where f(t), wu(t) are the vector-functions defined in R, almost everywhere with the
values in H, and the operator coefficients of boundary value problem (1)-(2) satisfy
the conditions:

1) A is a positive-definite self-adjoint operator;

2) the operators B; = AjA™7 (j =0,3) are the bounded operators in H;

3) K € L(W3(Ry; H), Hy3), moreover x = HK||W§’(R+;H)—>H1/2 .

Definition 1. If for f(t) € La(R+; H) there exists a vector-function u(t) €
W3 (R, ; H) that satisfies equation (1) almost everywhere in R, then u(t) is called
a regular solution of equation (1).

Definition 2. If for any f(t) € La(Ry; H) there exists a reqular solution of
equation (1) that satisfies boundary conditions (2) in the sense of convergencce

i [0, =0, Jim 1) = K], = 0.

and the following estimation

||UHW23(R+;H) < const HfHLZ(R+;H) )

we say that boundary value problem (1), (2) is regularly solvable.

In this paper we find the conditions on the coefficients of boundary value problem
(1)-(2) that provide regular solvability of problem (1)-(2). The similar problems were
studied in [2,3].

At first we investigate the regular solvability of the boundary value problem

Py(d/dt)u(t) = u"(t) — A%u(t) = f(t), t€ R, (3)

u'(0) =0, v”"(0) = Ku. (4)

It holds

Theorem 1. Let x = ||K||W23(R+;H)_)H1/2. Then problem (3), (4) has a unique
regular solution.

Proof. Let ug(t) = e“1*2; + e“2'4 x5 be a general solution of the equation
Po(d/dtyu(t) = 0 from the space W3 (Ry; H), where 1, 22 € Hy)p, w1 =

= —%(1 +/3i), wy = —%(1 —/3i) and e“1#4 e“2t4 are the semigroups of bounded
operators generated by the operators wiA and ws A, respectively. Then from condi-
tion 3) it follows that

w1 Az, + woAze = 0,

wWIA%x) + WA ey = K (e Az 4 2! gy).

w1
Hence we have 29 = ——x7 and
w2

_ w1
w%xl — wowime = AT2K (e“lAtxl — e“’QtA:(:1> .
w2
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Hence we get

w
wi(wgy —wiy)zy = —A_QK(ewltA:nl — —le“”mxl),

w2

ie.
1 _ w1
A ZK(ewltAxl - 7ew2tAm1)'

wl\/g w2

rl = —

Let

1
ATIK (et — ﬂewﬂA:U), T € Hy)s. (5)

xTr =
@ wl\/g w2

Then we have

w1
A1/2K(6w1tAx o MewgtAx)H _

1
WMWZ¢J

wltACC - ﬂ

1
=—||K(e
\/§H ( w2

wltAx - ﬂ
w2

wgtAx)

e <

1/2

UJQtAx

e e

=3

On the other hand, taking into account w3 = w3 = 1, we get:

W3(R4:H)

2 2
w1 w1
ewltAx _ 760.)2&4'r — ‘ W?AgewltAx _ w§—6w2t‘4$ 4
w2 W23(R+;H) w2 LQ(R+;H)
w1 2
+ HA36(4)115Ax o A37€w2tA$ —
w2 La(Ry;H)
w 2
=2 HA?’ewltAx — AL geatdy . (7)
w2 La(Ry;H)
Assuming A%/22 = z, we have
w 2
HA?)ewltAx o A371€w2tAx —
w2 Lo(R4;H)
172 witA_||? 1/2 wotA 2
= HA /201 z‘ —l—HA ev? z‘ —
Lo(Ry;H) Ly(Ry;H)
w1
—2Re (Al/zewlmz, Al/ze“’zmz) ) (8)
w2 Lo(R;H)
Using the spectral expansion for operator A, we get
g Y p p > g
oo o0
2
HAI/ZewltAZ‘ :/ //LGZRewlt‘u(dE#Z,Z) dt =
LQ(R+;H)
0 \o

o0 [e.e] [e.e]

— [wiaBz2) [t = [(@Be2) -

Ho 0 0
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= 121 = || 4%2a]|” = llalZ,s. )

Similarly we have

2
HA1/26w2tAl,‘

2
Lo(Ry:H) ||$”5/2 (10)

Using similar calculations, we get:

_9 RG(A1/26w1tAZ, %Al/ZethAz)Lg(Rw;H) _

= —2Re %(Aewlmz» 2) LRy H) =

o o0

— 2R | [udB,z2) | [ v -
w1
to 0
wo 1 2 w2 2
=2Re —=o— |lz|" = Re — |I2]" =
w1 2w1 w1
waw1 2 2 2
= Re 3 12117 = [Iz]I" = [l=]l52 - (11)

1
Taking into account (9), (10) and (11) in (7), we get

2
t ("’1 2t
ewl A$ - 76(‘} A:E

w2

=323 -
L(Ra;H)

Consequently, from inequality (6) it follows that [[Qzl|5,, < V2x [zl5/2- Since
X < 1, we have that the operator E'+() is invertible in the space Hy /5. Consequently,
from eqaution (5) it follows that 1 = 0. Then x2 = 0. Thus, ug(t) = 0.

Show that problem (3), (4) has a regular solution for any f € Lo(R,; H). Obvi-
ously, the vector-function

+oo oo
1 A
ui(t) = 5 /(—z’ng — A%t /f(s)e_zf(t_s)ds ds, te R=(—00,00)
—00 0

satisfies equation (3) almost everywhere for t € Ry and uy(t) € W3(R; H) [2].
Denote by 7(t) the contraction of the vector-function u;(¢) on [0, 00). Then n(t) €

W3 (Ry; H) and by the traces theorem 7(0) € Hy/o, 7'(0) € Hyjo, 1(0) € Hy .

We'll look for the solution of problem (3), (4) in the form u(t) = n(t) + e“1*4z; +

ev2t42,. Using boundary conditions (4) we get

w121 + waxe = —A" 1 (0)

and
7' (0) + wiay + wiazg = AT2K (1 %) + e“2 2y 4+ n(t)).
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w i .
Hence we have xo = ——11:1 — —A719/(0). Taking this into account in the
w2 w1
second equality, we have: x1 + Qx1 = v, where

1

1
= — A2 (0)+ —— A 2K (n(t))—
V== A7 (0) A (1)
1
- AT2K (e A A7 (0)) € Hy .
A AT (0) € H
Hence we find z; = (E+ Q) ' € Hs)o. Then
w1 -1 i -1,/
=—F+ — A 0) € Hy/s.
T2 w2( Q)Y N 7'(0) 5/2

Thus, u(t) is a regular solution of problem (3), (4). Since

1Po (YD Lo yirry < 2 Iullivg ryim -

then from the Banach theorem on the inverse operator we get HUHWS( RusH) <

const |[t||,g,;m)- The theorem is prved.

It holds the following
1/4

Theorem 2. Let conditions 1) and 3), x < 557

u € W§7K(R+; H) it holds the inequality

be fulfilled. Then for any

HAB*J'UU)’ < ;00 [1Poull Ly (s »

La(R4;H)

o175\ /2 91/3 95/3 \ /2
where co(x) = c3(x) = [ 1 - 317a X , c1(x) = ca(x) = 312 | 1~ giax :

Proof. For u € WiK(R+; H)
2 2
1Po(d/dtyu) T, ey = |1 = AguHLg(R+;H) =
= [ulfva(r,.m) + 2 Re(A%2u”(0), A%/2u(0)) >

> [lallfygrysm — 2 lellwgrosm - 1902 (12)
Obviously,
HU(O)Hg/z = =2 Re(A2ulvA3u)L2(R+;H) <

< 2HAZu’

HL2(R+;H) ' HAguHLz(RJr;H) (13)

On the other hand,
2
HA2UIHL2(R+;H) = (A5/2u(0)7A3/2u,(0)) - (A3ua AUII)LQ(R+;H) <

< HABUHL2(R+;H) : HAUHHL2(R+;H) (14)
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i.e.
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Similarly we have:

HAU”

2
HLz(R-HH)

< HUH/HL2(R+;H) : HAU/||L2(R+;H) :

Taking into account (14) in (15), we get

HAU”

3

N

2
"LQ(R+;H

we have

[ A"

2 1 2 3
o GO P Y Y S Y

IN
[SLI ]

22/3

Similarly we have

i.e.

) S Hu//l

‘2
Lo(R4+;H

"
e [l

HAU”

2
HA/uHLg(R+;H) < 31/2 HUHWS(R+;H) )

2
HLQ(R+;H) < W HUHWS’(R+,H) :

1/2 1/2
“LQ(R+;H) : HA?)UHLQ(RJr;H) : HA“”HL/Q(R+;H)7

3
‘ASUHEQ(R+;H) =

4
) S H“/’Hz2(R+;H) |

3

2 1 2
Lo(RosH) T 3.2 HAguHLz(RJr;H)

22/3

2
5 <}|A3u||L2(R+;H) + }|u'"}|22(R+;H)> =3 ||u”%/v23(R+;H)7

Taking into account (16) and (17) in (13), we have:

24/3

2

2/3

Il < 5173 lullwsrym) -

Then from inequality (12) it follows

5/3

2 2
HPO(d/dt)u|’12/I/§’(R+;H) > (1- WX) ullvys r, ) -

Hence we have

3 ~1/2
HA UHLQ(R_;,_;H) < (1 - WX) / ||P0uHL2(R+;H) .

From inequality (15) and (16) it follows that

HAQUI

HAU”

oo < 51 = gr7ax

lracr ) < 5721 = g7a0)

91/3 95/3 B
) 12 HP0U||L2(R+;H) )

91/3 95/3

Y2\ Poull by -
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The theorem is proved.
Now prove the main theorem.

3
Theorem 3. Let conditions 1)-3) be fulfilled, and a(x) = ch(x) | Bs—j|| <1,
=0

then problem (1), (2) is regularly solvable.

Proof. Write problems (1), (2) in the form of the equation Pu = Pyu = Pyu =
3

f, where Pou = Py(d/dt)u, Piu = Pi(d/dt)u = Y As_juld), u € Wi (Ry; H),
j=0

f € La(R4; H). Using theorem 1 we get that we can represent u in the form

U = Po_lv. Hence with respect to v we get the equation v+

—i—PlPo_lv = f in Lo(R4; H) . Using theorem 2 we get that for all v €

€ La(R4; H) the following ineqaulities hold

HPlPO_IUHLQ(R_HH) = 1Prullpy(ry ) <
3
ML |4, <
3
Z B3l ¢ ) 1 Poull oy gy sy = @O0 0l Ly i) -
=0

Since a(x) < 1, then v = (E+ PiPy )" f and u € Py Y(E+ Py Py )7L f.
Hence it follows that Hu||W5,(R+;H) < const || f||1,(r,;m)- The theorem is proved.
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