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REGULAR SOLVABILITY CONDITIONS OF A
BOUNDARY VALUE PROBLEM FOR
OPERATOR-DIFFERENTIAL EQUATIONS IN
HILBERT SPACE

Abstract

In the paper, sufficient conditions providing the existence and uniqueness of
regular solutions of a boundary value problem on a finite segment for second
order operator differential equations in Hilbert space are obtained. These condi-
tions are expressed by the properties of the coefficients of an operator-differential
equation.

Let H be a separable Hilbert space, A be a normal invertible operator whose
spectrum is contained in the angular sector S; = {A:|arg)| <e, 0 <e < 7/2}.
Suppose that {\z}7-, are eigen values, {ex} is an appropriate complete system of
eigen vectors of the operator A:

1, k=,
Ae, = Mger,  (ex,ej) = Onj —{ 0 k;éj'

e = e, ol <&, 0<pg Spp <o gy <

Then the operator may be represented in the form A = UC, where C- =

o0 o oo
Zﬂk('7€k)€k7 U-= Zewk('vek)ekv A= Z)\k('vek)ek- Obviously, for v > 0
k=1 =1 k=1

D(C") = {x : Zuiv |z, e)|? < oo} .
k=1

As is known, the linear set D(C?7) becomes a Hilbert space H., with respect
to the scalar product (z,y), = (C7z,C"y). Let —oo < a < b < 400. Denote by
Ls((a,b); H) a Hilbert space of all vector functions f(t) determined on the interval
(a,b) almost everywhere, with the values in H for which

1/2

b
st = | [ 170012

As in the book [1] introduce the Hilbert space
W3 ((a,b); H) = {u: " € La((a,b); H), C*u € La((a,b); H)}

with the norm

9 1/2
Hung((a,b);H) = (Hu”Hig((a,b);H) + HCQUHLQ((a,b);H> :
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For finite a and b, i.e. 0 < a < b < 0o denote by
W2 ((a,b); H) = {u: W2((a,b) : H), v/(a) = u'(b) = 0}

Obviously, by the traces theorem [1] W 3 ((a,b); H) is a complete Hilbert space.
Consider in the space H the boundary value problem

P(d/dt)u(t) = —u(t) + A (t) + Asu(t) + A%u(t) = f(t), te(0,T), (1)

u'(0) = g, w'(T) = ¢, (2)

where u(t) and f(t) take the values in H, ¢y, p; € H, and the operator coefficients
satisfy the conditions:

1) A is a normal invertible operator in H with completely continuous invertible
A~! whose spectrum is contained in the angular sector

SgZ{)\:|aurg)\]§57 0§E<g};

2) A1 A7! and Ay A~2 are bounded operators in H.

Definition 1. If for f(t) € L2((0,T); H) there exists the vector-function wu(t)
satisfying equation (1), we say that u(t) is a regular solution of equation (1).

Definition 2. If for any collection f(t) € La((0,T); H), g,y € Hyjo there
exists the reqular solution u(t) of equation (1) that satisfies boundary conditions (2)
in the sense of convergence

L, [0/ (t) = @olly , = 0, Jm 1/ (@) = @]y o = 0

and it holds the estimation

lullwz(o,ry;m) < const <||f||L2((0,T;H) + lleoll 2 + ||<P1H1/2) ;

we say that problem (1), (2) is called regularly solvable.

In the present paper we’ll find conditions on the coefficients of equation (1), that
provide regular solvability of problem (1), (2). Note that in an infinite domain, the
similar problems were investigated in many papers, for instance see [2-6], when A
is a positive-definite self-adjoint operator, in the papers [7,8], when A is a normal
operator. In a finite domain for ¢, = ¢; = 0, when A is a positive self-adjoint
operator, this problem was considered in [9].

At first consider the boundary value problem

Pold/dt)u = —u"(t) + A2u(t) =0, te(0,T), (3)

u'(0) = @y, u'(T) = ;. (4)

Theorem 1. Let condition 1) be fulfilled. Then problem (3), (4) is regularly
solvable.

Proof. Since A is a normal invertible operator whose spectrum is contained
in the sector S; = {\:|arg\| <e, 0<e < n/2}, then e~ 4(t > 0) is a strongly
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continuous semi-group of bounded operators. Then the general solution of equation
(3) from W2((0,T); H) is of the form

ug(t) = e Mg + e AT gy, (5)
where zg,71 € Hsjp. From condition (4) we get —Axg + Ae ATz = ¢, and
—Ae ATy + Axq = @, or —xg + e ATy = A=Yy, and —e ATy + 21 = ALy,
Then with respect to g we get the equation: (E — 6*2AT) xg=A"le 4T p —
—A~lp, € Hjy/y. Since for any x € H

(o@)
H(E _ 6_2AT) $H2 > Z ‘1 . e—QAkT|2| (l’aek)r >

o
Z 72cossT |($7€k)‘2 — (1 o e*QCOSET)Q ||xH27
k=1
then the operator E — e 247 jig invertible in H and H(E—eszT)_lH

< (1 — e~ s¢T) =1 Consequently, o = (E — e 24T) "1 (e4 A7 o, — A~ 1yp,). Obvi-
ously,

lwolls o = ||C¥3(E — e 24T) e 4A™ oy — 470y <
< H(E _ 6—2AT)—1H "03/2(6—,414—1@1 _ A—l%)H <

< const HCI\2 (efAAflcpl - Ailgoo) H3/2 <

—A
< const He Y1 — @0”1/2 < const (H‘P1H1/2 + ”900||1/2> )

Le. xg € Hzjp. We find the vector z; from the equation z; = A_lcpl —e ATz, Ob-

viously, x1 € Hzsy. Thus, |Jug(t)|| < (”800||1/2 + ||<,01H1/2) . The theorem is proved.
Now consider the problem

Po(d/dt)u(t) = —u" (t) + A%u(t) = f(t), t e (0,T), (6)

u'(0) = @, u(T) = ¢y. (7)

Theorem 2. Let condition 1) be fulfilled. Then problem (6), (7) is regularly
solvable.

Proof. After substitution of u(t) = w(t)—wug(t), where ug(t) is a regular solution
of problem (3), (4) that is of the form (5), in order to determine w(t) we get the
problem

Po(d/dt)u(t) = —u"(t) + A%w(t) = f(t), te(0,T), (8)

W'(0) =0, J'(T) =0. (9)

Show that problem (8), (9) is regularly solvable. We can write problem (8), (9) in
the form of the equation Pyw = f, where w € W 3((0,T); H) and f € Lo((0,T); H).
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From theorem 1 it follows that KerPy = {0}. Show that the range of values of the
operator Py coincides with Lo((0,7"); H). It is easy to see that

+o00 1
1 . .
wi(t) = o / E2E 4+ A?)~1 /f(s)e_lgsds e®ldt, te R
—00 0

belongs to the space WZ(R;H) (R = (—o0,+00)) and satisfies the equation
Py(d/dt)w(t) = f(t) in R. Denote the contraction of wi(t) on [0,7] by &;(t). Then
we'll look for w(t) in the form

w(t) = &) + e HMag + e T DA

where the vectors xg, r1 € Hj/y are determined from the condition w'(0) = w; (T') =
0. Since &, (t) € W5 ((0,T); H), then by the traces theorem &}(0), &(T) € Hy o [1].

Then in order to determine zg and z;, we get the equations —Axy + Ae 4Tz,

—&1(0) and —Ae ATz + Az = —&|(T) . Hence we find

zo = (E — e 2T) (e T AE(T) + A71E)(0) € Hy)o.

Then z; = e 4Txg — A~1E(T) € Hjo.. Consequently, w(t) € W 3((0,T); H).
From the inequality ||P0w||i2((07T;H) <2 ||w||12,V22((07T);H) it follows that the operator

Py : W3(Ry;H) — Lo((0,T); H) is bounded. Then from the Banach theorem it
follows that the operator Py' : La((0,T); H) — W 3((0,T); H) is also bounded.
Thus, [[w(®)llwz(o,r)m) < const | fllL,o,r);m) - Consequently,

(@ llwzo,0;0) < lwOlwzo.0):m) + 1w @ llwz 000 <

< const (HfHLQ((o,T);H) + H‘Po”l/Q + ”@1“1/2) .

The theorem is proved.
Now prove the important lemma.

Lemma. For any u(t) € W3((0,T); H) there hold the following inequalities:

1A% 0 yerry < () 1 Potll ooyt » (10)
A L, oy < €1(€) 1 Poull yo.7ymy - (11)
where
1, 0<e<m/4 1
cole) = ! , A <e<m/2 7 1(8)_2COS€ se<y (12)

Proof. Let u(t) € W2((0,T); H). Then

2
1PoulZ, o.yerr) = Hu”Hig((O,T);H) + HAzU/HL2((O,T);H) -
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—2Re(u", A*u) 1, ((0):m) (13)

Since

T
2 2
(UN’A Lo((0,T):H / (u”, A%u
0

— (V2 ), UQCg/Qu(t))‘OT - (C’u (), U2Cl (1)) dt =

o —

T
/ (A" (£), Au (1))t = — (A" (), A (1)) Lo,y
0

then it follows from (13) that
||POUH%2((O’T>;H) = llullfz (o)) + 2Re(A*W/ (8), Ad' (8)) Lo((0.19:0)-

Since for any z € D(A)
Re(A*z, Azx) Rezx\k|xek =

o)

[e.e]
Z 12 cos 2y, | (z, ex)|* > Z,ui cos 2¢ |(z, ex)|? > cos 2e( Az, Ax),
k=1 k=1

then
1Poull?, 0.7y = HU||12/VQ2((0,T);H) + 2cos 2e(Au’, Ad') 1, (0,1); 1) (14)

On the other hand, (v/(0) = «/(T) = 0),

T
lACI o = IO oyan = /(Cu/(t),Cu/(t))dt _
0

= (Ol (1), C¥/u(t)) [T / (W (1), C2u(t))dt =
0

= —("(t), C*u(t)) Loyt < 1|y I!CzuHLg (o) <

1 2 2
< B (HCQU’HLQ((O,T);H) + HUHHLQ((O,T);H)) 9 HUH%VS((O,T);H)'

Then from (14) we get

2 1 2
1A 0,my5m0) < 3 (”PO“”%Q«QT);H) —2c0s2¢ ”A“/HLz((OI);H))

or

2 1 2
(1 + cos2¢) HA“/HLQ((OI);H) < 5 1 Powl| T, (0,1):m) -
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Hence we get that

HAU/HLQ((O,T);H) = 9 cose 1Poull 0,7y -

i.e. the validity of inequality (11) is proved.
For 0 <e <7/4, from inequality (14) it follows that

HA2UHL2((O,T);H) < ||P0“”L2((07T);H)' (15)

And for 7/4 < e < 7/2 the number cos2e < 0. Therefore, taking into account
inequality (11) in inequality (14), we get

1Poull? comy:er) = Nl Z 0.0y + 2 cO8 2e 1Pyull 2, 0.7y.00) =

cos2 e

cos 2¢

2
—+ 1PoullZ, ((0,):m) -

o 2
= lullwz (o + 5 og e

Thus,

cos 2¢ 9 )
<1 B 20082€> ||P0u||L2((07T);H) Z Hu||W22((O,T);H)

or

1
lellwz o = 5 osz 1P0lraqomy -

Hence it follows that for 7/4 < e < 7/2

1
HAQUHLQ((O,T);H) = V2

. HPOUHLZ((O,T);H) : (16)
The validity of inequality (10) follows from (15) and (16).

The lemma is proved.

Theorem 3. Let conditions 1), 2) be fulfilled and it hold the inequality

a(e) = 61(5) HAlA_IH + 60(6) HAQA_2H <1,

where the numbers co(e) and c1(e) were determined in (12).

Then problem (1), (2) is regularly solvable.

Proof. After substitution of u(t) = w(t) — up(t), where up(t) is the solution of
problem (3), (4), we get the following boundary value problem:

Pd/dt)w(t) = —Ajug(t) — Aqug(t) + f(t), te€ (0,T), (17)
W'(0) =0, (T)=0. (18)
Since
Hg(t)HLQ((o,T);H) = H_Aluf)(t) — Aguo(t) + f(t)HLQQ(O,T);H) S

< A AT Ao )] 1, oryerry T

+ | 42477 HAzuo(t)HLz((O,T);H) + 1Ol y0,):m) <
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< const [|uo () lyz o,y + I1F O Ly 0,050) <

< const (1Ipolljz + lealyz + 1) ooy

then the vector function g(t) = —Aju((t) — Aqug(t)+ f(t) € L2((0,T); H). Thus, we
can write problem (17),(18) in the form of the equation Pw = Pyw+ Pijw = g, where

w e W2((0,T);H), g€ L2((0,T); H). Since the operator Py : W3((0,T); H) —
Ly((0,T); H) is an isomorphism, then after substitution of w = Py 'v we get the
equation v + PlPO_IU = g, in the space L2((0,7); H). On the other hand,

HP1P0_1UHL2((O7T);H) = |1Pwll 01y = A1 + AWHLz((o,T);H) =

< HAlAAH HAw/HLg((O,T);H) + HA2A72H HA2WHL2((0,T);H) <

< (e1(e) [[ArAT] + eole) |42 A7) 1Powll 1y co.my:mry = (&) 10l py0.m):0)

Here we used inequalities (10) and (11) from the lemma. Thus from the condition
ale) < 1 it follows that the operator (F + PyPy!) exists in Lo((0,T); H) and is
bounded. Then w = Py *(E+ PP, *)"'g and

lwllwz oy < constllgll Ly o.r)m) < const (H‘Po”m + il + HfHLg((O,T);H)) :
Thus, the regular solution of problem (1), (2) is © = w — ug. Therefore,

lullwzo.7),m) < lellweo,rym) + lwollweo,ry;m) <

< const (I2olla + 21172 + 1 oo ) -

The theorem is proved.
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