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INVERSE SCATTERING PROBLEM FOR A CLASS

OF DISCRETE SCHRODINGER OPERATORS

Abstract

The inverse spectral problem is considered for some discrete Schrodinger
operators with one-way scattering. The main equations of Marchenko type are
obtained.The renewal algorithm of the operator by the scattering data is show.

Introduction. The inverse scattering problem for a discrete Schrodinger equa-
tion in some classes of coefficients was studied in a lot of papers (see [1]-[5] and refer-
ences). On the other hand, in the paper [4], the inverse spectral problem was investi-
gated for Schrodinger discrete equation with one-way scattering. In the same place,
the so-called passage factor was used in place of the main spectral characteristics-
Moreover, especially by studying nonlinear equations by the method of the inverse
spectral problem, the so-called reflection factor is the most profitable spectral char-
acteristics (see [5]). In the present paper the inverse scattering problem is studied
for a class of discrete Schrodinger equations with respect to the latter circumstance.

Primal and inverse scattering problem. Consider the Schrodinger discrete
equation

an−1yn−1 + anyn+1 = λyn, n ∈ Z, (1)

where the coefficient an > 0 satisfies the conditions

an → 0 as n → +∞, (2)

−1∑
n=−∞

|n| |an − 1| < ∞. (3)

In the space l2 [0,∞) consider the operator L0 generated by equation (1) and bound-
ary condition y−1 = 0. By condition (2) the operator L0 is completely continuous
and self-adjoint. Since the eigen values of the operator L0 are prime and symmetric
with respect to the point λ = 0 (see [2], [6]), then the spectrum of the operator L0

consists of prime eigen values ±λn, λn ≥ 0, n = 1, 2, ..., n where λn → 0 as n →∞
and of the point λ = 0. The latter is either an eigen value of the operator L0 or a
unique point of its continuous spectrum.

For definiteness we accept that the spectrum of the operator L0 lies in the interval
(−2, 2). Denote by Pn (λ) and Qn (λ) the solution of equation (1) with the conditions

P−1 (λ) = Q0 (λ) = 0, Q1 (λ) =
1
a0

. It is known [6] that the spectral function ρ (λ)
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of the operator L0 is a jump function concentrated at the point ±λn, n = 1, 2... and
is of the form

ρ (λ) =
∑

±λn<λ

1
αn

,

where αn =
∞∑

k=0

P 2
k (λn) , (to symmetric eigen value there correspond equal normal-

izing coefficients αn). Following [6], [7] we introduce the Weyl function m (λ) =
〈Rλδ, δ〉 of the operator L0 where Rλ is the resolvent of the operator L0 and
δ = (1, 0, 0, ...) ∈ l2 [0,∞). The Weyl function and the spectral function are con-
nected (see [6], [8]) with the equality

m (λ) =

+∞∫

−∞

ρ (τ)
τ − λ

dτ, (4)

whence it follows that

m (λ) =
∞∑

n=1

1
αn (±λn − λ)

. (5)

Notice that by the Weyl function m (λ) we can renew the spectral function.
Indeed, from the Stieltjes-Perron formula [8] for λ 6= ±λn we get

ρ (λ) =
1
π

lim
ε→+0

λ∫

−2

m (τ + iε) dτ. (6)

At the points ±λn we define the function by the left continuity, i.e. from formula

ρ (λn) = lim
λ→±λn−0

ρ (λ) . (7)

Introduce the Weyl solution

Ψn (λ) = Qn (λ) + m (λ) Pn (λ) , n ∈ Z (8)

of equation (1). According to (5),(8) the Weyl solution Ψn (λ) is an analytic function
on the all complex λ-plane except prime poles ±λn, k = 1, 2, ... (the point λ = 0 is
a non-isolated point of the Weyl solution). Furthermore it is known that (see e.i.
[6], [8]) for n ≥ 0 the equality (Rλδ)n = Ψn (λ) is valid. Hence it follows that the
Weyl solution belongs to l2 [0,∞) with respect to the variable n. By the well known

equality
d

dλ
Rλ = R2

λ the
d

dλ
Ψn (λ) also possesses this property.

Let Γ be a complex λ-plane with a section along the segment [−2, 2]. Consider

the function z = z (λ) =
λ

2
+

√
λ2

4
− 1, where the branch of the radical is chosen

from the condition

√
λ2

4
− 1 < 0 for λ > 2.
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Now assume that condition (3) is fulfilled. Then equation (1) has the Jost
solution fn (λ) [2] representable in the form

fn (λ) = αnz−n

(
1 +

−1∑
m=−∞

Anmz−2m

)
, n ∈ Z (9)

where the quantities αn and Anm satisfy the relations

αn > 0, αn → 1 as n → −∞,

Anm = O




n+[m
2 ]−1∑

k=−∞
|ak − 1|


 as n + m → −∞,

an =
αn

αn+1
, (10)

where [·] means the entire part. According to (9) the function fn (λ) for each n is
analytic in the plane Γ and continuous up to its boundary ∂Γ. For all λ, where λ ∈
∂Γ, λ2 6= 4, the solutions fn (λ) and fn (λ) are independent since their Wronskian
W

[
fn, fn

]
= an

(
fn, fn+1 − fn+1, fn

)
equals z − z−1. Therefore the solution Ψn (λ)

may be represented in the form of their linear combination. Since Ψn (λ) accepts the
real values, then for λ ∈ ∂Γ, λ2 6= 4, λ 6= ±λn, n = 1, 2, ... the following expansion is
true

Ψn (λ) = a (λ) fn (λ) + a (λ) fn (λ) , n ∈ Z. (11)

From the last formula we find

a (λ) =
f0 (λ) + a−1m (λ) f−1 (λ)

z − z−1
. (12)

By (12) the function α (λ) admits analytic continuation in the plane Γ and there it
may have (see [4]) finitely many prime real zeros µ1, µ2, ..., µN lying out the interval
[-2,2].

Let’s consider the so-called reflection factor S (λ) =
a (λ)
a (λ)

. Assuming in (11)

n = −1 and then n = 0, we get

a−1m (λ) = − f0 (λ) + S (λ) f0 (λ)
f−1 (λ) + S (λ) f−1 (λ)

. (13)

Study the properties of the reflection factor. By (5),(8),(9)-(12) the function
S (λ) is continuous for λ ∈ ∂Γ, λ 6= 0, λ2 6= 4 and satisfies the conditions

|S (λ)| = 1, S (λ− i0) = S (λ + i0) = S (−λ + i0) . (14)

Furthermore, using that a−1 (λ) has no limit as λ → 0, by means of (11) for n = −1
we find the last statement is valid for the function S (λ) as well.
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Further, following the appropriate arguments of I.M. Huseynov [9], we establish
that the reflection factor is continuous at the points λ = ±2, as well and S2 (2± i0) =
1.

Introduce the denotation.

M−2
k =

+∞∑
n=−∞

f2
n (µk) , k = 1, 2, ..., N. (15)

We call the collection of the variables {S (λ) , λ ∈ ∂Γ;µk; Mk,Mk > 0, k = 1, ..., N}
the scattering data of equation (1). The inverse scattering problem for equation (1)
is to renew the coefficient an by the scattering data.

By solving the inverse problem, the so-called Marchenko type main equation
plays and important role.

Let

Fn =
1
2π

∫

∂Γ

S (λ)
z − z−1

z−ndλ +
N∑

k=1

M2
kz−n (µk) (16)

Theorem 1. The following relations hold

F2n+2m + Anm +
−1∑

k=−∞
AnkF2n+2m+2k = 0, n ≤ 0, m ≤ −1, (17)

α−2
n = 1 + F2n +

−1∑

k=−∞
AnkF2n+2m+2k, n ≤ 0. (18)

Proof. Consider identity (11) for n ≤ 0 Let’s substitute into it representation

(9), multiply by
a−1 (λ)

2πi
· z−m

z − z−1
, n ≤ 0 and integrate along the section ∂Γ. It

follows from formulas (5), (9), (12) that the following asymptotic equalities are valid:

m (λ) z−1 → −1 as λ →∞,

a−1 (λ) z → α−1
0 as λ →∞.

Using (8) and the relation next to the last, we find

Ψn (λ) z−(n+1) → hn as λ →∞,

where

hn =





−1 as n = 0,

− 1
an...a−1

as n ≤ −1.

Now using (9),(16) and the residue theorem, we get (17),(18).
The theorem is proved.



Proceedings of IMM of NAS of Azerbaijan
[Inverse scattering problem for a class]

85

Note that the reflection factor modulus for all λ ∈ ∂Γ equals a unit as in the
problem on a semi-axis [2]. Therefore the known investigation methods (see [2])
of the main equation allow to prove its unique solvability for n ≤ 0. Solving the
main equation for n < 0 we find the coefficient an by formula (10). According to (9)
construct f−1 (λ) , f0 (λ) and by their means, from formula (13) we find the function
m (λ) for λ ∈ [−2, 2] . With the help the Stieltjes-Perron (see [8]) transformation we
renew the spectral measure dρ (λ) of the operator L0. Then the coefficient an for
n ≥ 0 is found by the spectral measure (see [6]). By the same token the inverse
problem is solved completely.
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