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Abstract

For optimal control of the coefficients of a parabolic equation, the well-
posedness of the problem statement is studied, and necessary optimality con-
dition is established.

1. Introduction
The optimal control problems described by partial differential equations may be

found at various applications. The problems where the controls are contained in the
coefficients of the state equations including in the coefficients at higher derivatives,
are of great interest among these problems. By investigating such optimal control
problems, there arise some difficulties connected with their strong non-linearity and
ill-posedness [1-5].

The optimization problems with controls in the coefficients of parabolic equations
are found in optimization of heat physics, diffusion, filtration and other processes.
Such problems also arise by solving the coefficient inverse problems for parabolic
equations considered in variational statements [6-8].

In the papers [1, 4, 8-20] and others the problems of optimal control of the coef-
ficients of parabolic equations are studied. Such problems involving phase restraints
[12] and when the control coefficients belong to Sobolev spaces and Lebesgue spaces
with finite summability index [19, 20] have not been studied enough.

In the present paper, an optimal control problem with a nonlinear quality crite-
rion for a linear parabolic equation involving phase constraints is considered. The
control functions enter to the coefficients of the state equation, and they are the
elements of Sobolev space and Lebesgue space with finite summability indices. The
well-posedness of the problem statement is investigated and a necessary optimality
condition in the form of the generalized principle of Lagrange multiplies is estab-
lished.

2. Problem statement
Let Ω ⊂ En be a bounded domain, S be the boundary of domain Ω and that is

supposed to be Lipschits continuous, x = (x1, ..., xn) be an arbitrary point of domain
Ω, 0 < T be a given number, 0 ≤ t ≤ T , QT = Ω × (0, T ], ST = S × (0, T ] The
denotation used in the paper for functional spaces, correspond to [21, pp. 12-17].
The norms in the spaces Ls (Ω), Ls (QT ) (s ≥ 1), W 1

2 (Ω), W 1,1
p (QT ) (1 ≤ p ≤ ∞),

W 2,1
2 (QT ) are denoted by ‖·‖s,Ω, ‖·‖s,QT

, ‖·‖(1)
2,Ω, ‖·‖(1,1)

p,QT
, ‖·‖(2,1)

2,QT
, respectively. The

positive constants independent of estimated quantities and admissible controls are
denoted by Mj (j = 1, 2, ...).


