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Abstract

In the paper, the increment theorem is proved in special trapezoids for posi-
tive solutions second order parabolic equation.

Introduction. At studying of qualitative properties of solutions of elliptic and
parabolic type equations, an important role plays the lemma [1] or the theorem on in-
creasing positive solutions. In a classic case [1] and in further developments [3]-[5] of
this theorem for solutions of parabolic equations all results are studied in commensu-
rable cylinders, with measure of the order ρ and ρ2. Such results for the investigation
of local properties, for example at studying of regularity of boundary points we’ll ap-
ply only for the domain, which in investigated neighborhood remains inside of some
paraboloid. In [6] by the first author of the paper in non-commensurable cylinders
the theorems on increasing of positive solutions was obtained for parabolic equations
of seconds order, but this results couldn’t characterize some local properties.

In the present paper in special trapezoids theorems on increasing of positive so-
lutions was obtained for parabolic equations of second order, generalizing the results
of the paper [7].

1. Some nation and definitions
Let

PB (t, x) =
∫

B

Ks,β (t− τ , x− ξ) dµ (τ , ξ)

be parabolic potential, with generated kernel of Weierstrass type

Ks,β (t, x) =

{
t−s·−

|x|2
4βt , t > 0

0, t ≤ 0

here s and β are positive numbers, B is a Borel set, and µ is a Borel measure.
Denote for λ > 1 and m ∈ N the paraboloids

Pm =
{

(t, x) : |x|2 < −λm · t, t < 0
}

.

Let

Bm,k = (Pm+1\Pm) ∩
[
−tk;

3
4
tk

]
,

where tk+1 = tk
4 , k ∈ N , t1 > 0, Cm,k =

{
(t, x) : −tk < t < 0, |x| < a · ρm,k

}
,

where a > 0 and ρ2
m,k = λm · tk and denote by Sm,k the lateral surface of the

cylinder Cm,k.
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The measure µ on B called admissible, if

PB (t, x) =
∫

B

Ks,β (t− τ , x− ξ) dµ (τ , ξ) ≤ 1

in Rn+1. The number
caps,β (B) = supµB,

where the supremum is taken by the all possible admissible measures µ is called
parabolic (s, β) capacity of the set B.

Let Tm,k = Cm,k\Pm and denote by T
(j)
m,k, j = 1, 2, ..., n0 (n) the minimal finite

partition Tm,k, for which the following

|x− y| ≤ |y|

is fulfilled, at (t, x) ∈ T
(j)
m,k+1 and (ξ, τ) ∈ T

(j)
m,k.

The following is true.
Lemma. There exist the following absolute constants C1 > 0 and C2 > 0,

depending only on fixed numbers λ, a, s and β such that holds

sup
Sm,k

PBm,k
(t, x) ≤ C1 · PBm,k

(0, 0) , (1)

and also such fnite partition that at some

inf
T

(j)
m,k+1

PBm,k
(t, x) ≥ C2 · PBm,k

(0, 0) , (2)

moreover C2 > C1.

2. Now, let’s consider in bounded domain D ⊂ Rn+1 the parabolic equation

Lu ≡
n∑

i,j=1

aij (t, x) uxixj − ut = 0. (3)

For simplicity, we assume that the elements aij (t, x) of real symmetric matrix are
Holder and satisfies the condition of uniform ellipticity

sup
D

n∑

i=1

aij (t, x) = M < ∞,

inf
(t,x)∈D

min
|ξ|=1

n∑

i,j=1

aij (t, x) ξiξj = α > 0.

Now let’s formulate the main result.
Theorem. Let domain D containing in Cm,k and intersecting by Cm,k+1. Let

β ≥ α, s ≥ M and u (t, x) be a solution of equation (3), positive in D, continuous
in D and vanishing on such part of the domain D, which lies strongly inside Cm,k.
Then there exists the number j ∈ {1, 2, ..., n0 (n)}, for it we have

sup
D∩T

(j)
m,k

u (x, t) ≥ (
1 + η · PDc∩Bm,k

(0, 0)
)

sup
D∩T

(j)
m,k+1

u (x, t) ,
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where η = η (m, α, M, s, β) is an absolute constant, Dc = Rn+1\D.
Proof. Denote

sup
D∩T

(j)
m,k

u (x, t) = M
(j)
m,k

and introduce an auxiliary function V (x, t) = M
(j)
m,k

[
1− PDc∩Bm,k

(t, x) + C1 · PDc∩Bm,k
(0, 0)

]
,

where C1 are the constants of the lemma.
By virtue of inequality (1) everywhere on the parabolic boundary of the domain

D we have
u

(
t′, x′

) ≤ limV (t, x)
(t,x)→(t′,x′)

.

Indeed, since PDc∩Bm,k
(t, x) ≤ 1, out of the Dc ∩ B

(j)
m,k then lim

(t,x)→(t′,x′)
V (t, x) ≥ 0,

while u|
∂p

�
D∩T

(j)
m,k

� = 0. Further, on the lower base Cm,k

PDc∩Bm,k
(t, x)

∣∣
t=−tk

= 0,

thus V |t=−tk
> M

(j)
m,k, while u (t, x) ≤ M

(j)
m,k. Finally, on Sm,k by virtue of inequality

(1)
PDc∩Bm,k

(t, x) ≤ C1 · PDc∩Bm,k
(0, 0)

so, it means υ|Sm,k
≥ M

(j)
m,k, and u|Sm,k

≤ M
(j)
m,k.

Consequently, by the maximum principle

u (t, x) ≤ V (t, x) in B ∩ T
(j)
m,k,

particularly, by inequality (4)

sup
D∩T

(j)
m,k+1

u (t, x) ≤ sup
D∩T

(j)
m,k+1

V (t, x) ≤

≤ M
(j)
m,k


1− inf

D∩T
(j)
m,k+1

PDc∩Bm,k
(t, x) + C1PDc∩Bm,k

(0, 0)


 ≤

≤ M
(j)
m,k

[
1− (C2 − C1) PDc∩Bm,k

(0, 0)
]
,

whence, follows the required inequality (5).
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