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Elnur H. KHALILOV

CUBIC FORMULA FOR CLASS OF WEAKLY
SINGULAR SURFACE INTEGRALS

Abstract
In the paper a cubic formula a class of weakly singular surface integrals is

constructed.

It is known that numerous problems of physics and mechanics(see[1]) are reduced
to the solution of the weakly singular equation (WSIE).

Since in a many cases it is impossible to find the exact solution of WSIE, there
arises an interest grounding the collection method for such equations (see [2]-[4]).
To this end at first it is necessary to construct the cubic formula for these weakly
singular integrals.

Let’s consider the surface integral

A (x) =
∫

S

K (x, y)
|x− y|n ρ (y) dσy, x ∈ S, (1)

where S ⊂ R3 Lyauponov’s surface, n is a natural number, K (x, y) is a continuous
function on S × S and there exists a number, α ∈ (0, 2) such that for any x, y ∈ S

|K (x, y)| ≤ M |x− y|n−α

(here and in the sequel, M denotes positive constant different at various in equali-
ties), ρ (x) is a continuous function on S.

Introduce the sequence {h} ⊂ R of the values of discretization parameter h

tending to zero, and partition S into elementary domains S =
N(h)∪
l=1

Sh
l

(1) for any l ∈ {1, 2, ..., N (h)} Sh
l is closed and its set internal with respect

to S points
◦
S

h

l is not empty, for mes
◦
S

h

l = mesSh
l and j ∈ {1, 2, ..., N (h)}, j 6= l,

◦
S

h

l ∩
◦
S

h

j = ∅;
(2) for any l ∈ {1, 2, ..., N (h)} Sh

l is a connected piece of the surface S with
continuous boundary;

(3) for any l ∈ {1, 2, ..., N (h)} diamSh
l ≤ h;

(4) for any l ∈ {1, 2, ..., N (h)} there exists a so called support point xl ∈ Sh
l

such that:
(4.1) rl (h) ∼ Rl (h) (rl (h) ∼ Rl (h) ⇐⇒ C1 ≤ rl(h)

Rl(h) ≤ C2, where C1 and
C2 positive constants independ of h), here rl (h) = min

x∈∂Sh
l

|x− xl| and Rl (h) =

max
x∈∂Sh

l

|x− xl| ;

(4.2) Rl (h) ≤ d
2 , where d− is a radius of standard sphere (see[5]);

(4.3) for any j ∈ {1, 2, ..., N (h)} rj (h) ∼ rl (h) .
Obviously, r (h) ∼ R (h), where R (h) = max

l=1,N(h)
Rl (h) , r (h) = min

l=1,N(h)
rl (h) .

Let Sd (x) and Γd (x) -be the parts of the surface S and tangential plane Γ (x) ,
respectivel at the point x ∈ S included interior the sphere Bd (x) of radius d centered
at the point x. Furthermore, let

∼
y ∈ Γ (x) be the projection of the point y ∈ S.
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Then ∣∣∣x− ∼
y
∣∣∣ ≤ |x− y| ≤ C1 (S)

∣∣∣x− ∼
y
∣∣∣ (2)

and
mesSd (x) ≤ C2 (S) mesΓd (x) , (3)

where C1 (S)and C2 (S) are positive constants dependent only on S ( if S a sphere,
then C1 (S) =

√
2 and C2 (S) = 2). The following lemma is valid.

Lemma (see[6]). There exist the constants C ′
0 > 0 and C ′

1 > 0 independent of
h which for ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh

j the following inequality is
valid:

C ′
0 |y − xl| ≤ |xj − xl| ≤ C ′

1 |y − xl| . (4)

Theorem . Let ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh
j the function K (x, y)

statisfy the condition

|K (xl, y)−K (xl, xj)| ≤ M |xj − y|a |xl − y|b , (5)

where 0 < a ≤ 1, b ≥ 0 and a + b > n− 2 . Then the expression

AN(h) (xl) =
N(h)∑

j=1
j 6=l

K (xl, xj)
|xl − xj |n ρ (xj) mesSh

j (6)

at the points xl, l = 1, N (h), is a cubic formula for integral (1), and

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M ·

[
‖ρ‖∞ (R (h))a+b+2−n + ω (ρ,R (h))

]
,

if α ≤ 1, b < n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M · [‖ρ‖∞ (R (h))a |ln R (h)|+ ω (ρ,R (h))] ,

if α < 1, b = n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M [‖ρ‖∞ (R (h))a + ω (ρ,R (h))] ,

if α < 1, b > n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M · [‖ρ‖∞ (R (h))a |ln R (h)|+ ω (ρ,R (h))] ,

if α = 1, b = n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M · [‖ρ‖∞ ((R (h))a + R (h) |ln R (h)|) + ω (ρ,R (h))] ,

if α = 1, b > n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M ·

[
‖ρ‖∞ ((R(h))2−a + (R (h))a+b+2−n) + ω (ρ, R (h))

]
,

if α > 1, b < n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M ·

[
‖ρ‖∞ ((R(h))2−a + ((R(h)a |ln R (h)|) + ω (ρ,R (h))

]
,
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if α > 1, b = n− 2,

max
l=1,N(h)

∣∣∣rN(h) (xl)
∣∣∣ ≤ M ·

[
‖ρ‖∞

(
(R(h)a + (R(h)2−a

)
+ ω (ρ,R (h))

]
,

if α > 1, b > n− 2,

where rN(h) (xl) = A (xl) − AN(h) (xl) , and ω (ρ,R (h)) is a continuity modulus of
the function ρ (x) .

Proof. Obviously,

rN(h) (xl) =
∫

Sh
l

K (xl, y)
|xl − y|n ρ (y) dσy +

N(h)∑

j=1
j 6=l

∫

Sh
j

K (xl, y)−K (xl, xj)
|xl − y|n ρ (y) dσy+

+
N(h)∑

j=1
j 6=l

∫

Sh
j

(
1

|xl − y|n −
1

|xl − xj |n
)

K (xl, xj) ρ (y) dσy+

+
N(h)∑

j=1
j 6=l

∫

Sh
j

K (xl, xj)
|xl − yj |n · (ρ (y)− ρ (xj))dσy =

= r
N(h)
1 (xl) + r

N(h)
2 (xl) + r

N(h)
3 (xl) + r

N(h)
4 (xl) .

Applying the formula of reduction of the surface integral to double one, we get

∣∣∣rN(h)
1 (xl)

∣∣∣ ≤ M · ‖ρ‖∞
∫

Sh
l

1
|xl − y|α dσy ≤

≤ M ‖ρ‖∞ · C2 (S)

2π∫

0

R(h)∫

0

1
tα−1

dtdϕ = M · ‖ρ‖∞ (R(h))2−α.

Let y ∈ Sh
j and j 6= l, taking unto account (5) we have:

∣∣∣rN(h)
2 (xl)

∣∣∣ ≤ M · (R(h))a ‖ρ‖∞
∫

S\Sh
l

1

|xl − y|n−b
dσy ≤

≤ M · ‖ρ‖∞ (R(h))a+b+2−n, if b < n− 2,
∣∣∣rN(h)

2 (xl)
∣∣∣ ≤ M · ‖ρ‖∞ (R(h))a · |ln R (h)| , if b = n− 2

∣∣∣rN(h)
2 (xl)

∣∣∣ ≤ M · ‖ρ‖∞ (R(h))a, if b > n− 2.

Furthermore, taking into account the inequality
∣∣∣∣
(

1
|xl − y|n −

1
|xl − xj |n

)
·K (xl, xj)

∣∣∣∣ ≤ M · |xj − y|n
|xl − y|1+α ,
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we have
∣∣∣rN(h)

3 (xl)
∣∣∣ ≤ M ·R (h) ‖ρ‖∞

∫

S\Sh
l

1
|xl − y|1+α dσy ≤ M · ‖ρ‖∞R(h), if α < 1,

∣∣∣rN(h)
3 (xl)

∣∣∣ ≤ M · ‖ρ‖∞R(h) · |lnR (h)| , if α = 1,

∣∣∣rN(h)
3 (xl)

∣∣∣ ≤ M · ‖ρ‖∞ (R(h))2−a if α > 1.

Obviously
∣∣∣rN(h)

4 (xl)
∣∣∣ ≤ M · ω (ρ,R (h)) ·

∫

S\Sh
l

1
|xl − y|α dσy ≤ M · ω (ρ,R (h)) .

As a result, summing up the obtained estimations for the expressions
r
N(h)
1 (xl) , r

N(h)
2 (xl) , r

N(h)
3 (xl) and r

N(h)
4 (xl) ,we get the proof of the theorem.

Example 1. Let’s consider the acoustic exponential of the simple layer

L (x) =
∫

S

Φk (x, y) · ρ (y) dσy, x ∈ S,

where S ⊂ R3− is Lyapunov’s surface −→n (y)− is the external unit normal at the
point y ∈ S, Φk (x, y) = exp(ik|x−y|)

4π|x−y| − is a fundamental solution of the Helmholtz
equation, k− is a wave number, Im k ≥ 0 and ρ (y)− is a continuous function on S.

Since
|Φk (x, y)| ≤ 1

|x− y| , ∀x, y ∈ S, x 6= y,

and ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh
j

|K (xl, y)−K (xl, xj)| = 1
4 · π

∣∣∣ei·k|xl−y| − ei·k|xl−xj |
∣∣∣ ≤ M · |xj − y| ,

then the expression

LN(h) (xl) =
N(h)∑

j=1
j 6=l

Φk (xl, xj) · ρ (xj) mesSh
j

at the points xl, l = 1, N (h) is a cubic formula for the integral L (x) . Since n =
1, α = 1 and b = 0, then

max
l=1,N(h)

∣∣∣L (xl)− LN(h) (xl)
∣∣∣ ≤ M · (R (h) · |ln R (h)|+ ω (ρ,R (h))) .

Example 2. Let’s consider the acoustic potential of the double layer

G (x) =
∫

S

∂Φk (x, y)
∂n (y)

· ρ (y) dσy, x ∈ S,
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where S ⊂ R3 is Lyapunov’s surface with the exponent β ∈ (0, 1].
It is easy to calculate

∂Φk (x, y)
∂n (y)

= −(xy, n (y)) · (1− i · k · |x− y|) · eik|x−y|

4 · π · |x− y|3 ,

so ∣∣∣∣
∂Φk (x, y)

∂n (y)

∣∣∣∣ ≤
M

|x− y|2−β
, ∀x, y ∈ S, x 6= y.

Furthermore, ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh
j

|K (xl, y)−K (xl, xj)| =
∣∣∣(xly, n (y)) · (1− i · k · |xl − y|) · eik|xl−y| −

− (xlxj , n (xj)) · (1− i · k · |xl − xj |) · eik|xl−xj |
∣∣∣ ≤

≤
∣∣∣((xly, n (y))− (xlxj , n (xj))) · (1− i · k · |xl − y|) · eik|xl−y|

∣∣∣+

+
∣∣∣(1− i · k · |xl − y|) · eik|xl−y| − (1− i · k · |xl − xj |) · eik|xl−xj |

∣∣∣×
× |(xlxj , n (xj))| = |((xjy, n (y)) + (xlxj , n (y)− n(xj)))×

× (1− i · k · |xl − y|) · eik|xl−y|
∣∣∣+

+
∣∣∣(1− i · k · |xl − y|) · eik|xl−y| − (1− i · k · |xl − xj |) · eik|xl−xj |

∣∣∣×

× |(xlxj , n (xj))| ≤ M · (|y − xj |1+β + |y − xj |β · |xl − xj |+ |y − xj | ×
× |xl − xj |1+β) ≤ M · |xj − y|β |xl − y| .

The expression

GN(h) (xi) =
N(h)∑

j=1
j 6=l

∂Φk (xl, xj)
∂n (xj)

ρ (xj) mesSh
j

at the points xl, l = 1, N (h) is a cubic formula for the integral G (x) . Since n =
3, α = 2− β, a = b and b = 1, the following estimation is valid

max
l=1,N(h)

∣∣∣G (xl)−GN(h) (xl)
∣∣∣ ≤ M ·

[
‖ρ‖∞ · (R (h))β |ln R (h)|+ (ρ,R (h))

]
.

Example 3. Lets consider a normal derivative of the acoustic potential of a
simple layer:

T (x) =
∂

n (x)




∫

S

Φk (x, y) · ρ(y)dσy


 , x ∈ S,

where S ⊂ R3 is Lapunov’s surface with the exponent β.
It is known that

T (x) =
∫

S

∂Φk (x, y)
∂n (x)

ρ (y) dσy =
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=
∫

S

(xy, n (x)) · ((1− i · k · |x− y|) · eik|x−y|)

4 · π |x− y|3 ρ(y)dσy, x ∈ S,

and ∣∣∣∣
∂Φk (x, y)

∂n (x)

∣∣∣∣ ≤
M

|x− y|2−β
.

Since ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh
j

|K (xl, y)−K (xl, xj)| =
∣∣∣(xly, n (xl)) · (1− i · k · |xl − y|) · eik|xl−y| −

− (xlxj , n (xl)) · (1− i · k · |xl − xj |) · eik|xl−xj |
∣∣∣ ≤

≤
∣∣∣(xly, n (xl)) · (1− i · k · |xl − y|) · eik|xl−y|

∣∣∣+

+
∣∣∣(1− i · k · |xl − y|) · eik|xl−y| − (1− i · k · |xl − xj |) · eik|xl−xj |

∣∣∣×

× |(xlxj , n (xl))| = ((xjy, n (xl))− n(xj)) + (xjy, n (xj)))×

× (1− i · k · |xl − y|) · eik|xl−y|
∣∣∣+

+
∣∣∣(1− i · k · |xl − y|) · eik|xl−y| − (1− i · k · |xl − xj |) · eik|xl−xj |

∣∣∣×

× |(xlxj , n (xl))| ≤ M · (|y − xj | |xl − xj |β + |y − xj |1+β + |y − xj | · |xl − xj |1+β) ≤
≤ M · |xj − y| |xl − y|β ,

then the expressions

TN(h) (xl) =
N(h)∑

j=1
j 6=l

∂Φk (xl, xj)
∂n (xl)

ρ (xj) mesSh
j

at the points xl, l = 1, N (h) is a cubic formula for the integral T (x) .Since n =
3, α = 2− β, a = 1 and b = β, the following estimations are valid:

max
l=1,N(h)

∣∣∣T (xl)− TN(h) (xl)
∣∣∣ ≤ M

⌊
‖ρ‖∞ (R (h))β + ω (ρ,R (h))

⌋
,

if 0 < β < 1,

max
l=1,N(h)

∣∣∣T (xl)− TN(h) (xl)
∣∣∣ ≤ M · [‖ρ‖∞ (R (h)) · |ln R (h)|+ ω (ρ,R (h))] ,

if β = 1.

Example 4 Let’s consider the surface integral

F (x) =
∫

S

(
∂

∂n (x)
∂(Φk (x, y)− Φ0 (x, y)

∂n (y)

)
· ρ (y) dσy, x ∈ S
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where S ⊂ R3 is Lyapunov’s surface with the exponent β and Φ0 (x, y) = 1
4·π·|x−y| .

It is easy to show that

∂

∂n (x)

(
∂(Φk (x, y)− Φ0 (x, y)

∂n (y)

)
=

K (x, y)
4 · π · |x− y|5 ,

where

K (x, y) = (yx, n (x)) (xy, n (y)) ·
(
(3− 3 · i · k |x− y| − k2 · |x− y|2

)
eik|x−y| − 3+

+ (n (y) , n (x)) · (1− i · k |x− y|) · eik|x−y| − 1) · |x− y|2 .

Since for any x, y ∈ S

∣∣∣(1− i · k |x− y|) · eik|x−y| − 1
∣∣∣ ≤ M · |x− y|2 , (7)

then ∣∣∣∣
∂

∂n (x)

(
∂(Φk (x, y)− Φ0 (x, y)

∂n (y)

)∣∣∣∣ ≤
M

|x− y| .

Obviously, then function

ϕ (t) =
(1− i · k · t) · eikt − 1

t

is continuously differentiable on the integral [t1, t2] , where, t1 > 0, t2 > 0. There-
fore, taking info account inequality (7) and applying the Lagrange theorem for the
function ϕ (t) , we get ∀l, j ∈ {1, 2, ..., N (h)} , j 6= l and ∀y ∈ Sh

j the following
estimations is valid:

∣∣∣((1− i · k · |xl − y|) · eik|xl−y| − 1)− ((1− i · k · |xl − xj |) · eik|xl−xj | − 1)
∣∣∣ =

= ||xl − y| · ϕ (|xl − y|)− |xl − xj | · ϕ (|xl − xj |)| =
= |(|xl − y| − |xl − xj |) · ϕ (|xl − y|) + |xl − xj | · (ϕ (|xl − y|)− ϕ (|xl − xj |))| ≤

≤ M · (|y − xj | · |xl − y|+ |y − xj | · |xl − xj |) .

As a result we have:

|K (xl, y)−K (xl, xj)| = |(yxj , n (xl)) · (xly, n (y))×

×
(
3− 3 · i · k · |xl − y| − k2 · |xl − y|2

)
·eik|xl−y| − 3)

∣∣∣+

+ |(xjxl,n (xl)) · ((xjy, n (y)) + (xlxj , n (y)− n (xj)))×

×
(
(3− 3 · i · k · |xl − y| − k2 · |xl − y|2

)
· eik|xl−y| − 3)

∣∣∣ +

+(xjxl,n (xl)) · (xlxj , n (xj)) · ((3 · ((1− i · k · |xl − y|) · eik|xl−y| − 1)− 3×

×
(
(1− i · k · |xl − xj |) eik|xl−xj | − 1

)
) + k2 · |xl − y|2 · eik|xl−y|−

− k2 |xl − xj |2 · eik|xl−xj |)
∣∣∣ + |(n (y)− n (xj) , n (xl))×
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×
(
(1− i · k · |xl − y| · eik|xl−y| − 1

)
· |xl − y|2

∣∣∣ +
∣∣∣
(
((1− i · k · |xl − y| · eik|xl−y| − 1

)
−

((
1− i · k · |xl − xj | · eik|xl−xj | − 1

))
×

×(n (xj) , n (xl)) |xl − y|2
∣∣∣ + |(n (xj) , n (xl))×

×
((

1− i · k · |xl − xj | · eik|xl−xj | − 1
))

·
(
|xl − y|2 − |xl − xj |2

)∣∣∣ ≤
≤ M · (|y − xj | · |xl − y|3+β + |y − xj |β · |xl − y|4 +

+ |y − xj | · |xl − y|2 · |xl − xj |+ |y − xj | · |xl − y| ×
× |xl − xj |2 + |y − xj |β · |xl − y|2 · |xl − xj |2+β + |y − xj | ×

× |xl − xj |3) ≤ M · |xj − y|β · |xl − y|4+β .

So , the expression

FN(h) (xl) =
N(h)∑

j=1
j 6=l

∂

∂n (xl)

(
∂(Φk (xl, xj)− Φ0 (xl, xj)

∂n (xj)

)
ρ (xj) mesSh

j

at the point xl, l = 1, N (h) is a cubic formula for the integral F (x) . Since n =
5, α = 1, a = β and b = 4− β, the following estimations are valid:

max
l=1,N(h)

∣∣∣F (xl)− FN(h) (xl)
∣∣∣ ≤ M

⌊
‖ρ‖∞ (R (h))β + ω (ρ,R (h))

⌋
, if 0 < β < 1;

max
l=1,N(h)

∣∣∣F (xl)− FN(h) (xl)
∣∣∣ ≤ M · [‖ρ‖∞ (R (h)) · |ln R (h)|+ ω (ρ,R (h))] ,

if β = 1.
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