Proceedings of IMM of NAS of Azerbaijan, 2013, vol. XXXIX (XLVII), pp. 69-76. 69

Elnur H. KHALILOV

CUBIC FORMULA FOR CLASS OF WEAKLY
SINGULAR SURFACE INTEGRALS

Abstract

In the paper a cubic formula a class of weakly singular surface integrals is
constructed.

It is known that numerous problems of physics and mechanics(see[1]) are reduced
to the solution of the weakly singular equation (WSIE).

Since in a many cases it is impossible to find the exact solution of WSIE, there
arises an interest grounding the collection method for such equations (see [2]-[4]).
To this end at first it is necessary to construct the cubic formula for these weakly
singular integrals.

Let’s consider the surface integral

1= [
S

p(y)doy, €S8, (1)

where S C R? Lyauponov’s surface, n is a natural number, K (z,y) is a continuous
function on S x S and there exists a number, « € (0,2) such that for any z,y € S

K (z,y)] < M |z —y["™

(here and in the sequel, M denotes positive constant different at various in equali-
ties), p (x) is a continuous function on S.

Introduce the sequence {h} C R of the values of discretization parameter h
N(h)
tending to zero, and partition S into elementary domains S = lU1 Slh

(1) for any [ € {1,2,..., N (h)} SP is closed and its set internal with respect
h h

tth pzints S, is not empty, for mesS; = mesSlh and j € {1,2,...N (h)}, j # [,

(2) for any I € {1,2,...,N (h)} SI'is a connected piece of the surface S with
continuous boundary;

(3) for any I € {1,2,...,N (h)} diamS! < h;

(4) for any I € {1,2,...,N (h)} there exists a so called support point z; € SI
such that:

(4.1) (k) ~ Ry (h) (r(h) ~ Ry (h) < C; < 2 < ) where C; and

Ry(h)
Cy positive constants independ of h), here r;(h) = min |z — x| and R;(h) =
S

T€eds;

max |z — x| ;
xGBSﬁ

(4.2) R (h) < ¢, where d— is a radius of standard sphere (see[5));

(4.3) for any j € {1,2,...,N (h)} rj(h) ~r (h).

Obviously, r (h) ~ R (h), where R (h) = max R;(h), r(h) = min 7 (h).

I=1,N(h) I=1,N(h)

Let Sy (z) and T'g (x) -be the parts of the surface S and tangential plane I' (z),

respectivel at the point = € S included interior the sphere By (x) of radius d centered

at the point z. Furthermore, let y € I’ (z) be the projection of the point y € S.
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Then
o—i| <l -yl <Cu(s) o -7 @)

and
mesSy () < Cy (S) mesly (x), (3)
where C (S)and C5 (S) are positive constants dependent only on S ( if S a sphere,
then C; (S) = v/2 and O3 (S) = 2). The following lemma is valid.
Lemma (see[6]). There exist the constants C{y > 0 and C] > 0 independent of
h which for Vl,j € {1,2,..., N (h)}, j #1 and Vy € S]’TL the following inequality is
valid:
Coly — il <oy =z < Crly — il (4)

Theorem . Let Vi,j € {1,2,...,N (h)}, j#l and Vy € S;Z the function K (z,y)
statisfy the condition

|K (:Cl?y) - K(mlaxjﬂ S M |'r] - y‘a ‘IL’[ - y‘b7 (5)

where 0 <a <1, b>0and a+b>n—2. Then the expression

N(B) o

AN®) (g xl’xjn x mesS 6
Z ‘371 x], p j) ( )
J?ﬁl

at the points x;,l = 1, N (h), is a cubic formula for integral (1), and

e [0 ()| < [l (R (D)™ 4w 0 R ()]

ifa<l, b<n—2,

mas [PV ()| < M - [lpl (R (R)° [0 R (B)] 4+ (o, R (1))
1=1,N(h)

if a<l, b=n-—2,

max [V (a)] < M (Il (R + (o, R ()],
I=1,N(h)

if a<l, b>n-—2,

max _[r¥® ()| < M - [llplog (R () n R (B)] +w (p, R (R)],
I=1,N(h)
if a=1,b=n-—2,
max [+ ()| < M-Il (R (R)" + R (R) n R(R)]) +w (p, R (B)]
I=1,N(h)
if a=1,b>n-—2,

e YO ()| < M- ol ((ROD™ + (R ()27 4w (o, R ()]

if a>1, b<n-—2,

max [0 ()| < M- [l (RO + (RO IR (W) + (0, R (1)
I=1,N(h)
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if a>1, b=n-2,

e [0 ()| < - [l (B + (RO*) + 0 o R ()]

if a>1,b>n—2,

where TN (z)) = A (z;) — AN®) (1)), and w (p, R(R)) is a continuity modulus of
the function p (z) .
Proof. Obviously,

N(h)
K (z, K (z,y Ty, T
N (2) = 2 (_ly| y) doy + Z/ l |I131 y|< L 25) p(y)doy+
Sl J#l j

1
+ = | K (21,24 doy+
Zf(m ) K ),
7#1 j

Pl K (zy,xj)
+Z/_ljn (p(y) — p(x;))doy =
i# S}

= (@) + 5P () + 5P () + 1y P (1)

Applying the formula of reduction of the surface integral to double one, we get

Y ()] < Mol / o, <
21 R(h)
< Mol Co(8) [ [ oyt =Ml (R
0 0

Let y € S]}-‘ and j # [, taking unto account (5) we have:

N(h a 1
’7’2 ( )(l’l)’ <M - (R(R)*||pll o / md% <
s\sh

<M - ||pll (R(R)“TEF277 0 Gf b<n—2,
N(h) a .
737 )| < M pllg (ROD)® - R, if b=n—2
3 )| < M pllg (RU)?, if B> 02
Furthermore, taking into account the inequality

1 1 zj —y|"
‘(m T —%!”) K (@)

\
< M-
- ’l’l—y|1+a7




72 [ ] Proceedings of IMM of NAS of Azerbaijan
E.H.Khalilov

we have
1™ ()| < 21 R (B IMIt/’LmMySMWMuRw%Ua<L
S\Sh
Y (@) < M- Nl RO - IR O] if @ =1,
W @) < Ml (R if a> 1.
Obviously
’ri\’(h)( )’<M w(p, R / Ty y‘ oy <M-w(p,R(h)).

S\Sk

As a result, summing up the obtained estimations for the expressions
r{v(h) (x1) ,rév(h) (x1), rév(h) (x;) and riv(h) (x1) ;we get the proof of the theorem.
Example 1. Let’s consider the acoustic exponential of the simple layer

L(w)=/¢k(w7y)-p(y)d0y7 r €S,
S

where S C R3— is Lyapunov’s surface 7 (y) — is the external unit normal at the

point y € S, ¥y (x,y) = %— is a fundamental solution of the Helmholtz
equation, k— is a wave number, Imk > 0 and p (y) — is a continuous function on S.
Since 1
‘(I)k(xayﬂg ‘I‘*y‘ nyyesa $7éy7

and Vi,j5€{1,2,....N(h)}, j#1 and Yy € S]h

1
K (21,y) — K (27, 25)] = ——

ez-k|xl—y\ - ez~k|a:l—xj\ < M- ‘xj o y| 7
=TT

then the expression

LN(h (1) Z(I)k Xy, T5) azj)mesS]h

J#l

at the points z;,l = 1, N (h) is a cubic formula for the integral L (x) . Since n =
1, =1 and b =0, then

max_|L (1) — LY ()| < M- (R(B) - [ln R(B)| +w (p, R(R).
I=1,N(h)

Example 2. Let’s consider the acoustic potential of the double layer

“@= | onty

p(y)doy, z €S,
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where S C R? is Lyapunov’s surface with the exponent 3 € (0, 1].
It is easy to calculate

0Py (z,y) (zy,n(y) - (1—i-k-|z—y|) - eklz=yl

on (y) 4-7T-|x—y|3

)

SO

‘8®k(x,y) Ve,y € S, x #y.

‘ M
on(y) |~ |lo—y"
Furthermore, VI,j € {1,2,...., N (h)}, j # 1 and Yy € th

K (o1,) = K (a1,2;)] = |y (9)) - (1= -k oy = y) - el =

eik\xl —xj]

—(mzjn(z;)) - (L—i-k-[o —a5]) - <

< ’((fvzy,n(y)) — (zxj,n (x)) - (1 =i k- |z —y)) - eiklxz—yl} n

+‘(1—z’-k-\xl—y])-eik‘xl_y‘—(l—i-k-]xl—xj|)-eik|xl_xj‘ x
X [(zzj, n (25))] = [((z59,n (y) + (w12, n (y) — n(z;))) X
X (1—i k- |z —yl|) - eHlovl] 4
+‘(1—i-k;-|ﬂcl—y!)'€ik‘xl_y‘—(1—i-/~c-|a:l—33j|)-eik|$l_xj‘ X

< |(@@j,n ()] < M- (ly — 25" + |y — 2507 - |20 — 250 + |y — 5] x
x|z — a0y < Moy -yl — y) -
The expression

N(h)
GV () =

Jj=1
L

0Py, (x1, x4)

: h
on (x;) p (zj) mesS;

at the points z;,l = 1, N (h) is a cubic formula for the integral G (z) . Since n =
3,a=2—[,a=0>0and b=1, the following estimation is valid

max |G (ar) =GN ()| < M-Il - (R ()" I R ()] + (o, R (0)] -
I=1,N(h)

Example 3. Lets consider a normal derivative of the acoustic potential of a
simple layer:

/(I)k (x,y)p(y)day ) .’EGS,
S
where S C R? is Lapunov’s surface with the exponent f3.

It is known that

T (@)= [ o ) doy =
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. — ik lr—ayl) - etklz—yl
:/(ﬂﬁy,n(:ﬂ)) ((:;J_;'g yl) e )p(y)day, zes,
s
and
‘ on (z) ‘_ \x—y[2_’g'

Since VI,j € {1,2,....,N(h)}, j #1 and Yy € S]h

(K (1,y) = K (a1, 25)| = | (mugom (@) - (1= i e g — ) - €M) -

eik\xl—xﬂ

—(wzg,n (vr) - (L—i- k- |z —x4]) - <

= ‘(””y’” (@) - (=i k- | = yl) - eik'ml_m‘ -

+ ‘(1 ik —y)) @MY (1 =ik fay — o) Ml
X |(zizg,n ()] = (259, n (21)) — n(z;)) + (x5, 1 (25))) %
X(1—i-k-|x;—yl|)- eikm_y" +
n ‘(1 ik |z —y]) @MY (1 =ik |y — ) - Rl

x |(zzj,n (@) < M- (Jy — 2| |z — 25]° + |y — 25" + |y — 2] - o — 25]'17) <
<M - |aj -yl o —yl?,

then the expressions

N(h)
0Py, (xy,x4)
TN®) () — IR NG Y)Y mesST
(1) P an (z;) p( j) J
i#l

at the points x;,l = 1, N (h) is a cubic formula for the integral 7'(z) .Since n =
3,a=2—f,a=1and b= (3, the following estimations are valid:

max_|T(ag) = TV ()| < M | plloo (R(0)° +w (0, R (M),
I=1,N(h)

if 0<pB<1,

max_|T(er) = TV (@)| < M- [l (R(R)) - n R ()] 4+ (p, R (W),
1=1,N(h)

if B=1.

Example 4 Let’s consider the surface integral

- 0 9Pk (x,y) — Po(z,y)) oy @
F(:c)—/(an(x) an (y) > plldoy €5
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where S C R? is Lyapunov’s surface with the exponent 3 and ®¢ (x,y) = m
It is easy to show that

B, (8(<I>k (z,y) — P (évay)) K (x,y)
on (z) on (y)

4|z -y

where
K (@,y) = (yz.n () (zy,n () - (8= 3+ -klo =yl = k- |z —yI?) eHvl -3¢

+(n(y),n(@) Q—i-klz—y])-H 1) |z -y
Since for any z,y € S

(1 =ikl = yl) - el 1| < Moo= g, (7)

then

e gyl <

T lr =yl
Obviously, then function

(1—i-k-t)-e -1

p(t) = ”

is continuously differentiable on the integral [t1,ts], where, t; > 0,t2 > 0. There-
fore, taking info account inequality (7) and applying the Lagrange theorem for the
function ¢ (t), we get VI,j € {1,2,....N(h)}, j # 1 and Yy € SJ}-L the following
estimations is valid:
(1= kg = yl) - € = 1) = (U= kg — ) - el - 1) =
=zt =yl - ¢ (Jor —yl) — |z — 251 - o (|21 — 25])| =
= (w1 =yl = |z = z;]) - o (|0 = yl) + |z — 2] - (o (| — yl) — o (|2 — 25]))| <
<M - (ly =l o —yl+ ly — 5] - o — 25)) -
As a result we have:
K (z1,y) = K (21, 25)| = |(yj,n (21)) - (21,7 (y)) X
X (3—3-i-k-|xl —y| — k% |y —y|2) etklz=yl —3)‘—1—
+ [(zjzn (21)) - (259,71 (y) + (zizj,n (y) —n(z;)))X
X ((3—3-i-k- |z — y| —k2-|ml—y|2) . etklei—yl —3)‘4—
+ (wjan () - (mwg,n(25) - (B (L= ko —y[) - eMvl— 1) = 3x

% ((1 —i ke Jay — ) @Mlml - 1)) F 2 |z — g2 eFleyl

R — - eik\xz—xﬂ)‘ +(n(y) — n(z;),n(2) x
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) (=i for =yl M 1) -y — P+
)(((1 — ik |z — gy - eyl - 1) - <<1 — ik |z — x| - eFlemesl 1)) X
2
x(n () (@) o = 9P|+ (0 () o (a0)) x
X ((1 —i ko |my — ] - el 1)) : (lfﬂl —y* — |z —$j|2)‘ <
<M -y —agl - o=yl + |y — a7 o =y +
Hly — x| o=y o — ]+ |y — 5] - | — ]
g — i) + |y — 57 - | = y? - o — 2P+ |y — ]

3 4
x |ag —a;) < M- |zj —y|P - oy —y[*HP

So , the expression

N(h)
8 6(‘1’k (xl,iﬁ') —‘I’o (371,.217')
N(h) — J J ‘ h
F (x7) ; on (1) < on () p (zj) mesS;
J#l

at the point z;,l = 1, N (h) is a cubic formula for the integral F'(x) . Since n =
5 a=1,a = and b =4 — 3, the following estimations are valid:

max _|F(ar) = FY® ()| < M [lollo (R (1) +w (0, R(0)], if 0< <1
1=1,N(h)

max_|F(a) = PN® (2)| < M- [lpllo (R () - In R ()] + 2w (p, R (1)),
I=1,N(h)

if B=1.
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