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COMMUTATORS OF INTRINSIC SQUARE
FUNCTIONS ON GENERALIZED MORREY SPACES

Abstract

We study the boundedness of intrinsic square functions including the Lusin
area integral, Littlewood-Paley g-function and g∗λ -function and their commuta-
tors on generalized Morrey spaces MΦ,ϕ(Rn). In all the cases the conditions for
the boundedness are given either in terms of Zygmund-type integral inequalities
on ϕ(x, r) without assuming any monotonicity property of ϕ(x, r) on r.

1. Introduction
It is well-known that the commutator is an important integral operator and it

plays a key role in harmonic analysis. In 1965, Calderon [2], [3] studied a kind
of commutators, appearing in Cauchy integral problems of Lip-line. Let K be a
Calderón-Zygmund singular integral operator and b ∈ BMO(Rn). A well known
result of Coifman, Rochberg and Weiss [9] states that the commutator operator
[b,K]f = K(bf)− bKf is bounded on Lp(Rn) for 1 < p < ∞. The commutator of
Calderón-Zygmund operators plays an important role in studying the regularity of
solutions of elliptic partial differential equations of second order (see, for example,
[6]-[8], [5], [10], [11]).

The classical Morrey spaces were originally introduced by Morrey in [24] to study
the local behavior of solutions to second order elliptic partial differential equations.
For the properties and applications of classical Morrey spaces, we refer the readers
to [10], [11], [15], [24].

The intrinsic square functions were first introduced by Wilson in [29], [30]. They
are defined as follows. For 0 < α ≤ 1, let Cα be the family of functions φ : Rn → R
such that φ’s support is contained in {x : |x| ≤ 1}, ∫

Rn φ(x)dx = 0, and for x, x′ ∈
Rn,

|φ(x)− φ(x′)| ≤ |x− x′|α.

For (y, t) ∈ Rn+1
+ and f ∈ L1,loc(Rn) , set

Aαf(t, y) ≡ sup
φ∈Cα

|f ∗ φt(y)|,

where φt(y) = t−nφ(
y

t
) . Then we define the varying-aperture intrinsic square

(intrinsic Lusin) function of f by the formula

Gα,β(f)(x) =

(∫ ∫

Γβ(x)
(Aαf(t, y))2

dydt

tn+1

) 1
2

where Γβ(x) = {(y, t) ∈ Rn+1
+ : |x− y| < βt}. Denote Gα,1(f) = Gα(f) .

This function is independent of any particular kernel, such as Poisson kernel. It
dominates pointwise the classical square function(Lusin area integral) and its real-
variable generalizations. Although the function Gα,β(f) is depend of kernels with
uniform compact support, there is pointwise relation between Gα,β(f) with different
β:

Gα,β(f)(x) ≤ β
3n
2

+αGα(f)(x) .


