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HARDY-LITTLEWOOD-STEIN-WEISS
INEQUALITY IN THE VARIABLE EXPONENT

MORREY SPACES

Abstract

We prove the boundedness of the weighted Hardy-Littlewood maximal opera-
tor and the singular integral operator on variable Morrey spaces Lp(·),λ(·),|·|γ (Ω)
over a bounded open set Ω ⊂ Rn and a Hardy-Littlewood-Stein-Weiss type
Lp(·),λ(·),|x−x0|γ (Ω) to Lq(·),λ(·),|x−x0|µ(Ω) -theorem for the potential operators
Iα(·) , x0 ∈ Ω , also of variable order. In the case of constant α , the limiting
case is also studied when the potential operator Iα acts into BMO|·|γ .

1. Introduction
In the theory of partial differential equations, together with weighted Lebesgue

spaces, Morrey spaces Lp,λ(Ω) play an important role. Morrey spaces were intro-
duced by C. B. Morrey in 1938 in connection with certain problems in elliptic partial
differential equations and calculus of variations (see [38]), they are defined by the
norm

‖f‖Lp,λ := sup
x, r>0

r
−λ

p ‖f‖Lp(B(x,r)),

where 0 ≤ λ < n, 1 ≤ p < ∞. Later, Morrey spaces found important applications
to Navier-Stokes ([37], [57]) and Schrödinger ([40], [42], [43], [55], [56]) equations,
elliptic problems with discontinuous coefficients ([9], [17]), and potential theory ([1],
[2]). An exposition of the Morrey spaces can be found in the books [19] and [36].

As is known, last two decades there is an increasing interest to the study of
variable exponent spaces and operators with variable parameters in such spaces, we
refer for instance to the surveying papers [15], [23], [32], [51], on the progress in this
field, including topics of Harmonic Analysis and Operator Theory, see also references
therein.

Variable exponent Morrey spaces Lp(·),λ(·)(Ω) , were introduced and studied in
[3] and [39] in the Euclidean setting and in [24] in the setting of metric measure
spaces, in case of bounded sets. In [3] there was proved the boundedness of the
maximal operator in variable exponent Morrey spaces Lp(·),λ(·)(Ω) under the log-
condition on p(·) . For potential operators there was proved a Sobolev-Spanne type
Lp(·),λ(·) → Lq(·),λ(·) –theorem, under the same log-condition on p(·) and λ(·) and
the assumptions infx∈Ω α(x) > 0 , supx∈Ω[λ(x) + α(x)p(x)] < n. In the case of
constant α , there was also proved a boundedness theorem in the limiting case
p(x) = n−λ(x)

α , when the potential operator Iα acts from Lp(·),λ(·) into BMO .
In [39] the maximal operator and potential operators were considered in a somewhat
more general space, but under more restrictive conditions on p(x) . P. Hästö in [22]
used his new ”local-to-global” approach to extend the result of [3] on the maximal
operator to the case of the whole space Rn .

In [24] there was proved the boundedness of the maximal operator and the sin-
gular integral operator in variable exponent Morrey spaces Lp(·),λ(·) in the general
setting of metric measure spaces. In [20] there was proved the boundedness of the


