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Abstract

We present two type non-coincide log-conditions on sufficiency and neces-
sity for Hardy operator Hf(x) =

∫ x

0
f(t)dt to be bounded in variable exponent

Lebesgue space Lp(.)(0, l).

1. Introduction
Many authors put the log regularity condition on the exponent function p(.) to

study the boundedness of different integral operators in Lp(.)(0, l) spaces. In this
paper, we focus on the explore the log-regularity conditions that ensures validity or
absence of variable exponent Hardy inequality. More precisely, we present here two
type close log conditions for sufficiency and necessity, respectively.

The main object of study of this paper is the following general weighted inequality
for the Hardy operator Hf(x) =

∫ x
0 f(t)dt

∥∥∥σ(·) 1
p(.) W (·)−1Hf(·)

∥∥∥
Lp(.)(0,l)

≤ C
∥∥∥ω(·) 1

p(.) f(·)
∥∥∥

Lp(.)(0,l)
; f ≥ 0, (1.1)

in the norms of the variable exponent Lebesgue space Lp(.)(0, l), where the constant
C > 0 does not depend on a measurable function f, W (x) =

∫ x
0 σ(t)dt; σ(t) =

ω(t)−
1

p(t)−1 , l > 0 (see, e.g. [15] for this inequality in the case of constant exponent
p(.)).

The investigation of variable exponent Lebesgue spaces is motivated by the mod-
eling of electrorheological fluids [23], [25] and the study of regularity properties of
related partial differential equations with nonstadardt growth condition (see, [1],
[21], [11], [5]). Parallel, the study of classical integral operators of harmonic analyze
were elaborated in the variable exponent settings (see, the monographs [6], [8]).

The variable exponent Hardy inequality were studied in the works [24], [14], [10],
[12]; subsequently in [9], [22], [17], [20], [13], [2] was proved a necessary and suffi-
cient condition for the power weighted case. We refer to the works [7], [18], [19], [16]
concerning necessary and sufficient conditions in the case of general weights and [3],
[4] in the case of monotone functions f .

2. Main results and the notation
As to the basic properties of spaces Lp(.) we refer to the monographs [6], [8].

Throughout this paper, it is assumed that p (x) is a measurable function in the finite
interval (0, l) , taking its values in the interval [1,∞) with p+ = sup {p (x) : x ∈ (0, l)}
< ∞ . The space of functions Lp(.) (0, l) is introduced as the class of measurable
functions f (x) in (0, l) which have a finite

Ip(.) (f) =
∫ l

0
|f(x)|p(x) dx


