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STUDY OF ONE CLASS PROBLEMS MOVING
SOURCES IN SYSTEMS OF OPTIMAL CONTROL
BY WITH THE DISTRIBUTED PARAMETERS

Abstract

For the solution of a problems of optimal control of moving sources which
condition is described by totality of parabolic type equation and systems of the
ordinary differential equations, existence and uniqueness theorems are proved,
sufficient conditions of differentiability of a target functional and an expression
for its gradient are obtained, necessary conditions of optimality in the form of
integral maximum principles are established.

Now, in view of complexity of the solution of a problem of optimum control of
the moving sources which condition is described by the differential equations with
partial derivatives and systems of the ordinary differential equations, are studied
insufficiently [1,5]. For some classes of linear and nonlinear boundary value prob-
lems in which participates pulse functions, questions of existence and uniqueness of
the generalized solution are investigated. In studied work the problem of optimal
control by the moving sources, totality by the parabolic type equation and systems
of the ordinary differential equations is considered under entry and boundary con-
ditions. For this problem theorems of existence and uniqueness of the solution are
proved, sufficient conditions of Frechet differentiability of a target functional and
expression for its gradient are obtained, necessary conditions of optimality in the
form of integral maximum principles are established.

1. Problem statement

Let I > 0,7 > 0 are the given numbers € = (0,1) x (0,t), @ = Qp. The
functional spaces WQI’O(Q), WQI’I(Q), V2(Q), VQI’O(Q) used below, are introduced, for
example in [4].

Let the condition of operated process is described by functions u(x,t) and s(t).
Let’s assume that in area 2 function u(z, t) satisfies the following equation parabolic

type

= a’ugy + Zpk(t)é(:u — s(t)), (1)
k=1

with initial and boundary conditions
u(z,0) = p(r), 0 <z <, (2)

Uy |x:0 =0, ug |x:l =0, 0<t<T, (3)

where a > 0 is the given number, p(z) € L2(0,1)is the given function; 4(-) is the
Dirak’s function; p(t) = (p1(t),p2(t), ...,pn(t)) € L5(0,T) is the control function.
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Let’s assume also that the functions si(t) € C'[0,T],k = 1,n, are the solution
of the following problem of Cauchy:

Sk(t) = fk(sk(t),ﬂ(t),t), 0<t < T, Sk(O) = Sk0, k= 1,n, (4)

where sgo € R™; 0 = J(t) = (V1(t),02(t),...,9.(t)) € L5(0,T) are the control
function; function f(s,d,t) = (fi(s,9,t), fa(s, 9, 1), ..., fu(s,9,t)) is continuous, has
continuous with respect to s, ¥ for (s,9,t) € E™ x E" x [0, T].

Pair of functions 9 = (p(t), ¥(t)) we will call controls. For brevity we denote by
H = L3(0,T) x L5(0,T) a Hilbert space of pairs 9 = (p(t),J(¢)) with scalar product

T

<00 >p= /[p1 (t)p%(t) + V()92 (¢)]dt
0

and the norm H@HH =/(<9,0 >y) = \/(HQDH%2 + ||19H%2), where 9* = (pk,ﬁk),k: =
1,2.
Let’s put

where A; > 0,49 =1,n, B; > 0,j = 1,r, are the given numbers and we will consider
a functional

n

k=1

| T T
J) = u(x —u(x 2dx o —D 2
J(9) = 0/ 0/ e, ) — e, )P dadt + o 0/ [pi(t) — P(6) 2+

r T
+a2 Y [10n(®) - Dm(o)at, (6)
m=1 0

where ¥ = (p(t),9(t)) € H is the control fiunction; oy, g > 0,1 + ag > 0 are the

given parameters; El(x,t)N) € LQ(Q), w=(p(t),9(t)) € H, p(t) = (p1(t),p2(t), ..., pn(t)) €
L3(0,T), 9(t) = (91(t),92(t), ..., Ir(t) € L5(0,T)) are the given functions.

It is required to find such controls ¥ = (p(t),¥(t)) from the set V and functions
(u(x,t),s(t)) that the functional (6) accepted the smallest possible value at condi-

tions (1)-(4).

2. Existence and uniqueness of the solution

Definition. A problem on finding the function (u(z,t),s(t)) = (u(z,t;19), s(t;9))
from conditions (1)-(4) for the given control ¥ = (p(t),9(t)) € V is said to be a re-
duced problem. Under the solution of the reduced problem (1)-(4), corresponding
to the control 9 = (p(t),¥(t)) € V we understand the functions (u(z,t),s(t)) from
(V;2(Q), C[0,T)), where the function u = u(x,t) satisfies the integral identity

l

I T n T
[ 1+ aun izt = [ etanteodo+ Y- [t nde @
00

0 k=179
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for ¥ = n(x,t) € Wy''(Q) and n(z,T) = 0, the function s(t) = s(t;9) satisfies
the integral equation

t

sult) = /fk(sk(T),ﬁ(T),T)dT st 0<t<T. k=T, (8)
0

It follows from results of papers [2],[4] follows that for each fixed ¥ € V the
reduced problem (1) - (4) has a unique solution from (V;’O(Q),C [0,7]). Let the
conditions accepted at the statement of problem (1) - (6) be fulfilled. Then problem
(1) - (6) has at least one solution. It should be noted that the problem (1) - (6) for
a; = 0,7 = 1,2 is incorrect in the classical sense [8]. However it holds

Theorem 1. There exists a dense subset K of the space H such that for any
we K for a; > 0,i=1,2, problem (1)-(6) has a unique solution.

Proof. Prove continuity of the functional Jo(0) = |ju(z,t) — ﬂ(x,t)”%?(m. Let
AY = (Ap, A¥) € V be an increment of a control on the element ¥ = (p,9) € V such
that 9+ AvY € V. Denote Au = Au(z,t) = u(z, t; 9+ AY) —u(z,t,9), u = u(x, t;9),
Asy, = Asp(t) = sp(t; 9 + AD) — s1.(49), sp = sp(t; 0).

It follows from (1)-(4) that function Auis generalized solution of the boundary

value problem
Auy = a*Augy + Z[(pk + Api)o(z — (s + Asg)) — prd(x — sg)], (z,t) € Q, (9)
k=1
Augl, o= Aug|,_, =0, t € 0,77, (10)
Aul,_o =0,z € [0,1], (11)

and functions As, k = 1,n is solutions of the Cauchy problem

Ask.(t) = Afk(sk(t),ﬁ(t),t), Ask(O) = 0, k= 1,n, (12)

where Afk(sk(t), 79(75), t) = fk(sk + As, ¥ + A9, t) — fk(sk, i, t).
Prove that for the function Au(z,t) it holds the estimation

I8l < 1|87 "

where ¢; > 0 is a constant.
Multiplying both members of equation (9) on n = n(x,t) and integrating in parts
received equality, we receive estimation:

I T n T
//[Aum + a?Augn,]dedt = Z/ [(pr + Apr)n(sp 4+ Asg, t) — pen(se, t)] dt.
00 k=179

(14)
Let t1,ty € [0,T] such that t; < to. In identity (14) we will put

_ AU(@',t) ,tE(tytL
n(z,t) = { 0,t €[0,t1]U (tsz]Q,
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and applying the formula of finite increments for the function Au(sg(t) + Asg,t) in
the form

Au(sg + Asg,t) = Au(sg, t) + Aug(Sg, t)Asg, 5k = sp + 0Asg, 0 € [0,1],

we receive energetic balance equation for problem (9) - (12):

1 2 = 2 =
B HAu(xvt)HLg(O,l) ‘ztrzif +a? ”Aux(xﬂt)HLg(Qt) i:ﬁ =

n 2
= Z /[(pk + Api) AspAug (5, t) + AprAu(sg, t)]dt, (15)
k=1},

where 5, = si + 0Asy, 0 € [0,1].
Applying the Cauchy-Bunyakovskii inequality to the right member of equation
(15), we have

1 2 — 2 -
B [Aw(z, )7, 0.0 e [Auz(z, )17, 00 i <

n

(HpkHLQ(tl,tg) + HApkHLz(tl,tg)) tlfgféh |Asg(t)] ”Aul’(§k7t)||L2(t1,t2) +
k=1 ==

18Pk 0, 0) 180580 10| - (16)

As function As(t) is the solution of a problem of Cauchy (12), from properties
of function f(s,d,t) as rather small € = t3 — t; we have

max |Asy(t)] < Co |A|| 4, 1,y Yk, 1 <k <m,

t1<t<to

and besides, it is simple to show that inequalities are true:
1At Dl 0.10) < €5 180l 200y

1A (51, )|y 1y.0) < €l Al

where c3 > 0, ¢4 > 0 are some constants.
But, then we majorize the right hand side inequality (16) from above as follows

1 _
S8 013,00 [ +a® [ Aua(e, O o0 12 < 5 A7) 180l 2000y, (17)

as HA@HLN/1 1) 0,where ¢5 > 0 is some constant. As well as in work [2, pp.
166-168], for the any t € [0,7] we will break a segment [0, ¢] into final number sub-
segments, on each of which the inequality (17) is carried out. Then, having combined

the received inequalities for everyone sub-segments, we have estimation

1 —
S 18u(z, 11200 + 02 180 (2, Ol ) < Cs ||y A0l
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from where the inequality (13) follows. Then HAuHVl,o(Q) — 0 as HAE‘HH — 0.
2

Hence and from the trace theorem [8,p.161] we get [|Au(z, t)|| 1, ) — 0 as ||A1_9HH —
0.
Increment of a functional Jy (1) representable in a look

Jo(9 + AD) —

I T
2// (e, )] A, dadt + | Auz, DI, g
0 0

Hence and the fact [|Au(z,t)1,q) — 0 as | A9, — 0, it follows continuity of
the functional Jy(?9).

The functional Jy(4) from below is bounded and owing to proved is continuous
in V. Besides, H- evenly convex and is reflective Banakh’s space [7]. Then from
Bidou’s theorem provided in work [9], existence of a dense subset K of space H such
follows that for any w = (p(t),9(t)) € H as a; > 0,i = 1,2 a problem (1) - (6) has
the unique solution. The theorem is proved.

3. Necessary conditions of optimality
Let tp = ¢(x,t)is a solution from V21’0(Q) of the conjugated to (1)-(3) problem

by + @Yy, = —2[u(x,t) — @z, 1)), (z,t) € Q, (18)
wz ’z:O = 07 w$ ‘le = 07 0 S t < T7 (19)
Y(x, T)=0,0<z<lI, (20)

and ¢ (t)—is a solution from C'[0, 7] of the conjugated to (4) problem

qk(t) = —g?}:qk(t) —i—pk(t)l/Jx(Sk(t),t), 0<t<T, qk(T) =0,k=1,n. (21)

Integrating in parts identity
[ @t @+ 2lute0) ~ e, 0) . )2 =0
Q

the function ¢ = ¢ (x,t) satisfies the integral identity

l

I T T
/ / (s + Py ldidt = 2 / / (e ) — e, O]y (e )dadt,  (22)
0 0 0

0
for Vi, = ny(z,t) € W211(Q) and 7, (z,0) = 0, function g (t) satisfies the integral
equation

T
0= [ |Za) - mrasuonn|ar o< esTE=Tw 2

The conjugated problem (9) - (12) is the mixed problem for the linear parabolic
equation. If in relations (9) - (12), instead of a variable ¢ we take a new independent
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variable 7 = T — t, we get a boundary value problem of the same type as (1) -
(4). Therefore, it follows from the facts established for problem (1) - (4) that for
each given J = (p(t),9(t)) € V problem (9) - (12) has a unique solution from
(V5 (), C[0,7)).

The function

n

H(t,s,¢,q,9) = — {Z[—fk(sk(t)ﬂ?(t) t)qk(t) + ¥ (sk(t), )pr(t)+

k=1

a1 (pr(t) = Br(1)’] + a2 Z (9t t>)2}, (24)

is said to be Hamilton-Pontryagin function of problem (1) - (6).
Theorem 2. Let:

1) functions fi(sg,9,t),k = 1,n, be continuous in totality of all its arguments
together with all its partial derivatives wit respect to variables s and ¥ as (s,9,t) €

R" x R" % [0,T);

2) functions fr(sg,0,t), frs = W

isfy to Lipshits’s condition on s and ¥, i.e.

8fk(8ka 19’ t)

y fro = 90

| fr(sk + Asg, 0 + AV, t) — fr(sp, 9, 1)] < L(|Asg| + [AD]),
| frs(sk + Asg, 0+ A t) — frs(sk, P, t)| < L(|Ask| + |AY]),
| feo(sk + Asp, 9 + AV, 1) — fro(sk, 0, t)| < L(|Asg| + |AD]),
Be fulfilled for all (s + Asg, 9 + Ad,t), (sg,0,t) € E™ x E" x [0,T), where L =
const > 0.

Then, if (¢Y(z,t),q(t))- the solution of the conjugated problem (9) - (12), the
functional (6) is Frechet differentiable and the expression

o (oI 0J®)\ ([ oH oH
7= ( op 00 >‘<_6p’_&9>‘ )

is valid for its gradient.
Proof. Consider the increment of the functional

I T I T
AJ = J(9+A9)—J(0) = 2// u(z, t)—u(x, t)|Au(x, t) dxdt+//\Au z, 1)) dedt+
00 00

+Z 2041/[pk pk Apk( )dt+a1/\Apk | dt » +

r T
+Z{2a2/ ()] - D, ()dt+a2/rm9 P dt} (26)
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where ¥ = (p,9) € V.9 + AY € V, Au(z,t) = u(z, ;9 + AY) — u(z,t;9), u =
u(z, ;).

If in (22) we set n; = Au(x,t), in (14) n = ¥(z,t) and we will subtract the
obtained relations, we have

I T
20// (z, t)]|Au(z, t)dzdt = Z/ (Pr+Apr) Y (sk+Asg, t) —prip(sg, t)]dt.

k=17
(27)
It follows from (12) that the function Asy(t) satisfies the integral identity:

T
/ [ Ak (0)0(0) + A fus (), 9(0), )8k (1)] dt = 0, (28)
0

for V@k(t) eC [O,T} ,(gk(T) =0,k = 1,7n
It follows from (21) that the function ¢ (t) satisfies the integral identity:

/T [qk(t)éuc(t) - (gf:qzc(t) — pe(t)¥ (sk(t), )) O (t )] dt =0, (29)
0

for V@lk(t) eC [O,T] ,Qlk(O) =0,k = 1,771
In the same way, if in (29) we set 01x(t) = Asg(t), in (28) 0x(t) = qi(t) and
summing the obtained relations, we have:

T
A0 1F = [ (G0 - mw(ou0.0) An) - Auasto)| de.
0

Considering the theorem’s condition, we can represent the function Af; =
Afr(sg(t),9(t),t) in the form

Of

A
fka

Asy, +Za19kM + Ry,

where R; = o (\/HASH%?(O’T) + ||A19H%2(07T)>. Then from the last equality we have:

T
250015 = [ (G - pu(Ovasn(01.0) ) Asu(0)-
0

on considering (12) and (21) we get

T r T
[reretseronnoie == 3" [ Tt +m (@)
0

m=1 0



124 Transactions of NAS of Azerbaijan
[R.A.Teymurov]

It is clear that under the assumptions made above, on Taylor’s formula fairly de-
composition:

Y(sp + Asg,t) = (sk,t) + P (sk, 1) Asg + o(|| Asi)).

Considering this formula in (27), we get

1T
20/0/ w(x, t)|Au(z, t)dzdt = Z/ Pr(t), (sk(t), t) Ask(t)+

(s (t), 1) Apr(t) + ¥y (sk(t), 1) Apr(t) Asi(t) + o([| Asl])]dt
As relation (30) is fulfilled, from the last equality we have

¢ T
// u(z,t) — u(z, t)|Au(z, t)dedt = Z/ 8fk qk (£) AV (t)+
0 0 k=17
+w(3k,t)Apk] dt + RQ, (31)

where R2 Z f 1/)50 Sk )Apk( )Ask(t) + O(HASk”)] dt + Rl.
k=10
According to the usual scheme (see, for example, [2]) it is possible to prove justice

of an assessment
HAsuc[o,T} <¢s ||A19||L2(0,T) ) (32)

where ¢5 > 0 is some constant.
From here we get Ry = o(|| Ad|| 7). On the other hand, it follows from estimation
(13) that

1Aw(z, )]l 1,0 = O (| A9 ,) -

Considering these estimations in expressions (26) and (31), we have:

AJ = Z <J1(k) + Z J2(k7m)) + O(HABHH)’
k=1 m=1

where

T
/ )+ 201 (pr() — Br(t))] Api()dt,
0

T
T = | [— OO DED) 1) + 20 (9(t) - Mt))} Aby(t)dt.
0

Hence, allowing for expression of Hamilton-Pontryagin function, we get

OH -
AJ:< o M> o[ AT,

that shows Frechet differentiability of functional (1) and validity of formula (25).
The theorem is proved.
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Theorem 3. Let all conditions of theorem 2 be fulfilled and (u*(z,t),s*(t)),
(V*(x,t),q*(t)) be solutions of problems (1) - (4) and (18) - (21), re-spectively for

0 =19 € V. Then for optimality of the control 9 = (p*(t),9*(t))the condition
H(t,s*, 0", ¢*,0") = max H(t,s*, ", ¢*,0),VY(x, t) € Q. (33)
Jev

should be fulfilled.

Proof. Assume that ¢ = (p*(t),0 (t)) is an optimal control. Assume the
contrary, i.e. there will be found such control ¥ = 9* 4+ hA9 € V and the number
B > 0, for which

H(t,s*, 9%, q*,0) — H(t,s*,9*,¢*,9") > >0, (34)

where h > 0 is some number, 9 = (p* + hAp, 9* + hAY), A = (Ap, AD).
If in (34) we take into account formula (24), we get

h (J'(&),M)H <-B<0,

where ¥ = h;AD = ho;(Ap, AV) € V,0; € (0,1) are some numbers. Hence and

from the finite increment formula we have:

J@) — J(@0) =h (J’(ﬁ), A@)H —h <J’(5‘), M)H +h (J’(@) —JW), M)H <

< =B+ ho(||AY||,), (35)

where ¥ = hfsAD = hfs(Ap, AY) € V, 05 € (0, 1)are some numbers.

Let 0 < hy < h be such a number that —f3 + hlo(HA{?HH) < 0. Assume 9 =
9" + hyAJ. Reasoning as in the proof of inequality (35), we get

J(@W) = J(0") < =B+ h0(||AD]] ;) < 0

This contradicts optimality of the control ¥*. Hence we get validity of relation (33).
The theorem is proved.
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