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AHMAD S. HASSANPOUR

ON UNIQUENESS OF STRONG SOLUTION OF
DIRICHLET PROBLEM FOR SECOND ORDER
QUASILINEAR ELLIPTIC EQUATIONS

Abstract

The first boundary value problem is considered for second order quasilinear
elliptic equations of nondivergence form when the leading part of these equations
satisfies the Cordes condition. The uniqueness of strong (almost everywhere)
solution of the mentioned problem is proved.

Let E,, be n-dimensional Euclidean space of points x = (z1,...,zy), n > 2, D be
bounded convex domain in E, with the boundary D € C?. Consider the following
Dirichlet problem in D

n

Lu = Zaz’j (z,u)ui; = f(x), z€D; (1)
ij=1
ulop =0, (2)
ou 0%u

——, Ui = —F—,
8.%'2' ’ J 81’18.%'] ’
whose elements are measurable in D for any fixed z € E;, moreover,

where u; = i,j=1,...,n; |la; (x,2)| is a real symmetric matrix

n

ple? <Y aij (,2) €& < pTHEP v €D, 2 €Ey, £ € Ry (3)

ij=1

n

> aij (7,2)

o= sup -2 ! 5 < : (4)
x€D, z€E; | I n—1
>agi(x, z)
i=1

Here o € (0,1] is a constant. Condition (4) is called the Cordes condition,
and it is understood up to equivalence and nonsingular linear transformation in
the following sense: domain D can be covered by a finite number of subdomains
D', ..., D! so that in each D equation (1) can be replaced by the equivalent equation
L'uv = f"(x), and nonsingular linear transformation of coordinated can be made, at
which the coefficients of the image of the operator £’ satisfy condition (4) in the
domain D% i=1,...,1.

The aim of the present paper is to prove the uniqueness of strong (almost every-
where) solution of the first boundary value problem (1)-(2) for f(x) € L2 (D) at
n = 2,3,4. In connection with this we refer to the papers [1-2], where the analogous
results for the second order linear elliptic equations of nondivergence structure with
continuous coefficients were obtained, and we also refer to the papers [3-7], in which
some classes of above mentioned equations with discontinuous coefficients were con-
sidered. We notice the papers [8-10], where the questions of strong solvability for
the second order parabolic equations in nondivergence form were investigated. Exis-
tence of strong solution of the first boundary value problem (1)-(2) was established
in [11], at that it was done for more general class of equations than (1).
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We now agree upon some denotation. For p € [1,00) we denote by I/Vp1 (D) and
W2 (D) Banach spaces of functions u (x) given on D with the finite norms

HUHWI}(D) = /<|U|p+2|ui|p> dx
i=1

D

1
P

and

gy = | [ |u|P+Z|uz|P+Z\uU|P ar|

D 7] 1

respectively. Further, let WI} (D) be a completion of C§° (D) v the norm of space
W) (D), Wp2 (D) = W (D)n I/Vp1 (D). Function u(z) € W7 (D) is called strong
solution of the first boundary-value problem (1)-(2) (for f (x) L, (D)) if it satisfies
equation (1) almost everywhere in D.

Everywhere below notation C (...) means that the positive constant C' depends
only on what in parentheses. We now give some known facts which we will need
further on.

Theorem 1 ([1]). Let 1 < p < mn, 1 < g < 2. Then for any function

n—p
u(z) € Wy (D), the following estimate holds
HUHLQ(D) < Ci(p,q,n) H‘Ua:’”Lp(D) :

If p > n, then
lull gy < C2 (0, 1) izl (py -

Here uy = (ug, ..., up).
Consider the following equation in D

n
Mu = Zaij(x,u,ux)uij:f(x), x €D (1)
ij=1
and suppose that the elements of the real symmetric matrix ||a;; (z, 2, v)|| are mea-
surable in D for any fixed z € E{, v € E,,

n
PP <> ai (@, 2,0) & < p el v €D, 2€By, vEE,, E€E,  (3)
ij=1

azj(az Z,v)
]“nll; @

i,
o= sup
zeD, zeE,,veEE,
LU z, U

||M: TM3

and
Jaij (2,28 01) — a4y (2,2%,0%) | < H (|28 = 22 + Jo! —0?]7)

reD; 2, 22eE; vl v ek, i,j=1,...,n (5)
with constants H > 0 and « € (0, 1].



Proceedings of IMM of NAS of Azerbaijan 103
[On uniqueness of strong solution]

Theorem 2 ([11]). Let the coefficients of the operator M satisfy conditions
(3°), (4°), (5°). Then there exists p1 (u,0,n) € (%,2) such that at any p € [p1,2]
for any function u () € Wp2 (D) the following estimate holds

lullw2(py < Ca (1.0, 0D) [ Ml p - (6)

At that for any A > 0 there exists dq4 = da (u,0,n,0D, H, o, A) such that if
mesD < dy, then the first boundary value problem (1°)-(2’) has a strong solution
from space W2 (D) for any function f (z) € Ly (D), whenever 1l Lypy < A

Remark. Actually, in [11] theorem 2 was proved under the condition that in

(5) a € (0,a’], where a° = %. But one can see from the proof that by virtue
of boundedness of the coefficients a;; (z,2,v); 4,7 = 1,...,n the statement of the
theorem is valid for a € (0, 1].

Theorem 3. Let 3 < n < 4, and let the coefficients of the operator L satisfy

conditions (3)-(4) and
la;; (x,zl) — a;j (m,zQ) | < H1|z1 — z2]; zeD; 2t 22 eEy; i,j=1,...,n (7)

with some nonnegative constant Hy. Then for any s € (2,00) for n = 4, s €
[2,00), for n =3 and A > 0 there exists py = p (n,0,n,0D, Hy,s,A) such that
if mesD < py, f(x) € Ls (D) and | fll,4py < A then the first boundary value
problem (1)-(2) has a unique strong solution u (z) € W3 (D).

Proof. The constant p, will be chosen such that p4 < d4. Therefore, according
to theorem 2 we must prove only the the uniqueness of the solution. Let u! (x) and
u? (z) be two strong solutions of the first boundary problem (1)-(2) from space
W3 (D),

Lay= ”Z:I aij (r)ult) () iz,
We have
o (=) = 0 o oy = 33, [ () o ()] 0y
—f@) == 3 [ay (.ud) — ay (2,02)] v = F () . ¥

3,7=1
On the other hand, according to (7)
n
|F (2)| < Hyu' —? ) |ulj] . (9)
ij=1

At first consider the case n = 4. Let q1 = 44_]011, qQ = 22f’;1. From theorem 1 we

obtain

Ju' - u2HLq2(D) < C1(py) [Ju’ - ’U’QHW(}I(D) < Cfflu’ - “2HW31(D) . (10)
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Now applying theorem 2, from (8)-(10) we conclude

|t — uQHLqQ(D) < C}Cs IFl L, 0y <

1

p1 1
f‘ul—uz‘pl<2|u ) dx] <
D ij=1 .

2 2
<ctosm ot i, |1 ( $21081) o] <

,J=1

< C3C3H,

(11)

< 46'126’3H1 Hul —u Hu < 4C%C’§H1 Hul —u X

2HLQQ(D) 2HW22(D) 2HLQQ(D)

X[ fll ooy < AC3CEH, ||u' —u < ACIC3H ||u! — u X

2HLq2(D) 2HL612(D)

X (mesD) " ||fly(p) < ACRCEH AT |[ul — w2, 1y -

Let p’ be such that
9 2 n3=2 1
40103H1A (p) 25 = 5
We choose py = min {da, p’'}. Then from (11) it follows that

1
Jut ~ UQHLQQ(D) < ) |ut = UQHLQQ(D) ’

i.e. u! (z) = u?(x) a.e. in D.

Letn =3, ¢3 = 3p LTt is clear that g3 > 3. Therefore, according to theorem 1,
H“l - UQHLOO(D) < C2(py) [|u' ~ UQHW(}S(D) <C3 H“l - “2HW31(D) :
Further, applying theorem 2, we obtain
Hul _ U2HLOO(D) < C2203 HFHLpl(D) < 02203H1 Hul _ UQHLOO(D) X
3 " ﬁ p1—1
AT\ [ub] | ae| <95 cgos =l o2l o <
i,j=1
B 20 1_ 2 STale Jor 1 g2
<9 C3C3H, ||u! —u HLOO(D) 1|y <9 7 C3C5H: |Ju! —u HLOO(D) X
2-pp p1—1 2-py
x (mesD) 1 |[fll oy <9 ™ C3C5H1p M Allu' — 2HLOO(D). (12)

Let p” be such that

p1—1 2—p; 1
9 r CQCngA( )2p1 :5

Then choosing p, = min {dy4, p”}, from (12) we conclude

1
Hul - “2HLOC(D) = ) H“l - UQHLOO(D) ’
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i.e. ul (r) = u?(x) a.e. in D. The theorem is proved.

Theorem 4. Let n = 2, and let the coefficients of the operator M satisfy
conditions (3°) and (5) (for o =1). Then for any s € (2,00) and A > 0 there ezists
pa=pa (0D, H,s, A) such that if mesD < py, f(z) € Ls (D) and [|f[[, p)y < A
then the first boundary value problem (1°)-(2) has a unique strong solution u () €
W2 (D).

Proof. It suffices to show the uniqueness of the solution. Note that for n = 2,
condition (4°) follows from (3’). Let u! (x) and u? (z) be two strong solutions of the
first boundary value problem (1°)-(2) from the space W3 (D),
2

= g (ot (@), (0)
ij—=1 8:1:1893]
We have
My (ul — u2) = “22:1aij (x,ul,uglc) uzlj—
Z7J:
— 21 [aU (a: ul ul) a;j (a:,u2,u§)] u?j — f(x) = (13)
7]
=— 21 [aw (x ul ul) aij (a:,uz,ug)} u?j =F (z) .
7]

On the other hand, according to (5)

2
By ()] < H (Ju! = |+ Jug —uz]) Y Jufjl - (14)
ij=1
Let g4 = 52. From theorem 1 we obtain
1,2 1.2
[ul — HWl( ) < Ci(py) [u' —u ngl(D) : (15)
Applying theorem 2, from (13)-(15) we conclude
[Jut = U2HW,114(D) < CiG3 || R, (py <
P ﬁ
< CiC3H | [ (Jut —u?| + [ul — u2))™ (Z|u ) dfc] <
D i,j=1
(16)

< Cy(p,0D, H) Hul - “2“W,;4(D) Hf”Lz(D)

< Ci [ = 2|y (mesD) S i) < Cun™ Al =2l 1y -

Let p be so that

CL A f)% = % .
We choose py = min{da,p}. Then from (16) it follows that
1
1_ 2 1,2
[T “W(114(D) = ) Jul —u HquAl(D) ’

i.e. ul (r) = v?(x) a.e. in D. The theorem is proved.
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