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PONTRYAGIN’S MAXIMUM PRINCIPLE IN AN
OPTIMAL CONTROL PROBLEM FOR ORDINARY
DIFFERENTIAL EQUATIONS WITH SPECIAL
QUALITY TEST

Abstract

In the paper we consider optimal control problems for systems of ordinary
differential equations with special quality test that is characteristic for identifi-
cation problems statement [1, 2].

Let R" be an n-dimensional Euclidean space, ¢t > 0 be a time, t € [0,T], x (t) =
(x1(t),22(t), ..., 2y (t)) be an n—dimensional vector function,

w(t) = (ug () ,uz (), ...;um (1))

be m-dimensional vector function, f (t,z,u) = (f1 (t,z,u), fo (t,z,u) ..., fn (t,z,u))
be an n-dimensional vector function determined for all ¢t € [0,T], x € R", u € R™.
Besides, let g = (zo1, 02, ---Zon) , *7 = (T11, TT2, ...TTy) belong to R™ and the sign

[}
' mean ”almost everywhere”. By Lém) (0,T) we denote a space of measurable
m-dimensional vector-functions summable with the power p € [1,00]. In this space
a norm is introduced by the formula

1/p

T
oy = ooy = | [ 1Ot
0

m 1/p
where |ul|,,, = [|u| gn = (Z |ul|2> denotes a norm in the space R™ of the element
i=1

u e R™.
Let the motion of the controlled object be described by the equation:

(1) = f(ta(t)u(), 0<t<T (1)
and at the fixed time T the boundary conditions
z (0) = o, (2)
z(T) = a7 (3)
be given.

ByU=Su=u(t): ue L,(Jm) (0,T),u(t) e M, Vt € [O,T]} we denote a set of

admissible controls where M is a closed bounded set in R™.
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A wide class of problems of control of the processes described by the system (1)
consists in choice of such a control u = wu (t) from the field of admissible controls U,
that the system pass from the state zy to the state zp.

Let the vectors xg, 7 be given. Let x = x (t) be a solution of the equation (1)
under condition (2) and = z7 (t) be a solution of this equation, under condition(3).
The problems on determination of zq () and xp (t) are the problems (1),(2) and
(1),(3), respectively. The problems (1),(2) and (1),(3) are the Cauchy problems for
the equation (1).

Under the solution of problem (1),(2) for the given admissible control v € U we
understand an absolutely continuous function z (¢) satisfying the integral identity:

xo (t) = zp + / f(ryzo (1), u(r))dr (4)
0

for Vt € [0,T7.
Similarly, under the solution of problem (1),(3) for the given control u € U we
understand an absolutely continuous function xp (t) satisfying the integral identity:

T
rp(t) = o7 + / f (o (7) u (7)) dr (5)

for Vt € [0,T.
Now, let’s consider a problem on the minimization of the functional

Ja (u) = |lzo (-, u) = 27 (- u) 5 + arllu — uoll7, 5 (6)

on the set of admissible controls U, where a > 0 is a number parameter, ug = g ()
is a given element of the space L,(Jm) (0,T), zo(t) =xo (t;u), xr(t) =7 (t;u) are
the solutions of integral equations (4),(5), respectively, for u € U.

Let the function f (¢,x,u) be determined on the domain [0,7] x R" x M and
be continuous in totality of variables, satisfy the Lipschitz condition with respect to
variables x € R",u € M for all ¢t € [0,T]:

f (G, u) = [y, 0)l, < Llle —yl, + fu—vl,], (7)

where L > 0 is a Lipschitz constant.

Then it follows from the results of the papers [3,4] that for any function u = w (t)
from the set U the problems (4)-(5) have unique solutions determined and continuous
on the interval [0,7]. Almost everywhere these solutions have derivatives belonging
to the space L (0,7).

We denote a space of continuous vector-functions

with the norm

[zl e, = (A |z (0)],,
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by C™ [0,T]. As is known C [0,T] is a complete normed space. Then we can
show that for any function z = z (t) from C™ [0, T] (see.[3],[4]) and for any control
u = u (t) from the set U the function f (¢, z (¢),w (¢)) will be a boundedly-measurable
function on the interval [0, 7] i.e.

If (tx(t),u(t)l, < folt), @t €[0,7], (8)

for Vz € C(™ [0,T], Vu € U, where fy(t) >0, fo € Lo (0,T) is some function.
By the inequality (8) and integral relations (4),(5) we can easily establish the
validity of the estimations:

20 (1)1, < o (lzol, + I follz ) - (9)

oz ), < e1 (lorl, + 1ol o)) (10)

for Vt € [0,T], where ¢g > 0, ¢; > 0 are some constants.

In this paper we study necessary condition of optimality in the form of Pon-
tryagin’s maximum principle. To this end we introduce the Hamilton-Pontryagin
function for the problem (6) in the form:

H (t, 2o (8) 27 () s u(t) ;9 (1), r (1) =< o (1), f (t, 20 (1), u (t)) >Re +

+<p (), f (tar (), u(t) >re — o (8) = 27 (O] — alu(t) —uo (O], (11)

where z¢ (t), x7 (t) are the solutions of the problems (4),(5), respectively, and the
functions 1 (t), 17 (t) are the solutions of the following Conjugate system

_8H (t, i) (t) y LT (t) , U (t) Mﬁo (t) awT (t))

vy (t) = Foe ,0<t<T, (12)

¢/T (t) _ _8H (t)xO (t) » LT (t)avu(t) 7w0 (t) 7¢T (t))’ 0<t<T, (13)
xrr

Yo (1) = 0, tr (t) = 0. (14)

Using the form of the Hamilton-Pontryagin function, we can write this system
in the explicit form:

0o () = 2 (wo (8) — 27 (1)) = (fuo (o (8) ,u (8) b (8), 0<E < T, (15)

Yo () =0, (16)

U (1) = =2 (2o (t) = 27 (1) = (for (txo (1), u () Y (), 0SE<ST,  (17)
Yr(t) =0, (18)

where f, (t,2,u) is a matrix of partial derivatives of the vector-function f (¢, z,u)

with respect to z, (f (¢, z, u))T is a transposition of the matrix f, (¢,x,u).
As is seen, the conjugate system consists of two Cauchy problems on defini-
tion of the functions v (t) and ¥ (t) from the conditions (15),(16) and (17),(18),
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respectively. Under the solution of these problems we understand the functions

Yo ()07 (1), satisfying we following integral identities:

T

U (t) = [ [t (o (7) u () o (7) = 2 @0 (7) = 2 (1)) dr, (19)

t

=~ [ [fer (rizr () @) 0 (1) 4 200 (1) = wr (7)) dr (20)
0

for Vt € [0, T1.

Alongside with the conditions adopted above we’ll assume that the vector-function
has partial derivatives with respect to the variables f, = { fik, fok, .-, fuk, } that are
continuous in totality of z € R is their arguments t € [0,7],z € R", u € M and
moreover, f, (t,z,u) satisfies the Lipschitz condition with respect to variables (x, u):

1fe (b2 + Azyu+ Au) = fo (t,u)|| < L(|Azl, + |Adl,,) (21)

for all (t,z,u) (t,x + Az, u+ Au) € [0,T] x R™ x M where ||-|| means a norm of the
matrix f, (¢,z,u), L > 0 is a Lipschitz constant.
Arguing similarly as in obtaining the inequality (8), we can establish

1o (b2 @) +u(®)] < fo (), Vtel0,T) (22)

for Vo € C7[0,T], Yu € U where fo (t) > 00, fo € Loo (0;T) is some function, i.c.
the elements of the matrix f; (¢,2 (t),u (t)) will be bounded measurable functions
on the interval [0, T7].

In view of the fact that zo (t), zr () from C™ [0, T, xf (t), 2/ (t) from L 0;7),
and f, (t,x,u) satisfy the conditions (21),(22) we can affirm that the Cauchy prob-
lems (15),(16) and (17),(18) have continuous solutions continuous on the interval
[0, 7] and ¥ € LL (0;T), vy € L% (0;T).

Let’s establish estimation for the solutions of the Cauchy problems (15),(16) and
(17),(18). Really, using (19) and applying the Gronwall lemma we get the validity
of the estimation:

[0 (O], < Ca (ol + ozl + I foll. o) (23)

for vt € [0,T], where Cy > 0 is a constant independent of t.
Similarly, using the equality (20) we can establish the validity of the estimation:

r (7], < Cs (o, + ozl + 1ol o o)) (24)

for Vt € [0,T], where C3 > 0 is a constant independent of .

Theorem 1. Let the function f (t,x,u) and its partial derivatives fy (t,x,u)
with respect to the variable x be continuous in the domain [0,T] x R™ x M and
satisfy the conditions (7),(21). If uw = u(t) from U is an optimal control in the
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problem (6) and x (t), xr (t) is an appropriate solution of problems (4),(5) for
u € U, then

1) there exist n-dimensional vector-functions g (t), 7 (t) that are the solutions
of the Cauchy problems (15),(16) and (17),(18), respectively.

2) for all t € [0,T] being the continuity points of the optimal control w (t), the
function H (t,zq (t),z7 (t),u, g (), 07 () as a variable uw € R™ achieves its upper
bound on the set M for u=u(t) i.e.

H (t, 20 (t),zr (), u(t), o (1), ¥r (1) =
= sup H (t7 Lo (t) » TT (t) ) U, % (t) 7¢T (t)> (25)

veM

for ¥Vt € [0,T].
Proof. Let w =u(t) € U be an optimal control in the problem (6). We give to
the control u = u (¢) such increment Au = Au(t), 0<t<T that u+uA € U. In

this case u (t) + Au (t) € M, vt € [0,T). If xo (t) = zo (t;u), z7p (t) = a7 (t;u) are
the solutions of problems (4),(5) for uw € U and xoa (t) = o (t;u + Au) ,xpa (t) =
xp (t;u 4+ Au) are the solutions of problems (4),(5) for u +uA € U.

Now, let’s consider an increment of the functional J, (u) on the element u = wu (t)
of the set U. Using the formula for the functional J, (u) itself, we get:

Ay (u) = Jo (u+ Au) — Jy (u) =

iy / < (@0 () — 21 (1)), Awo (£) — Azp (£) >pn di+

T
+2a / <ut)=uo (1), Au(t) >rm dt + || Aol ony o ) + 1ATTI 00 o 1) +
t

T
+a HAuHi;’")(o,T) - 2/ < Az (t), Azp (t) >pm dt. (26)
t

For the Hamilton-Pontryagin function we can represent the increment of the
function given by the formula (26) in the form:

T
/" (t,0 (1) , 21 () u (£) + Ay (1) , b (1))] -

—[H (t, 20 () ;w7 (1), u(t) ,¢o (), ¢r (1)) dt + R, (27)

where R is determined by the formula

T
R:—/<¢Mﬂj@wdﬂwﬂﬂ+AmU%Mﬂ+AMm—



244 Proceedings of IMM of NAS of Azerbaijan
[V.J.Salmanov]

T
—f(tzo(t),u(t)+ Au(t)) >pgn dt—/ < b (b), f (tyzp (8) + A (t) ,u(t) + Au(t)) —
—f (tzr (), u(t) + Au(t)) >re di+
T
[ < har e (@) 0O 0 (0, e () >t
T

AT gy + 1872 — 2 / < Awo(t), Aor (t) e dt. (28)
t

Now, let’s estimate the remainder term R. To this end we apply the finite
increments method, and by the estimations (24) and (25), from the last inequality
we get:

T
R < Ci3 /IAmo O, 1A (B)],,, dt + |Azy (E)],, [Au (B)],, di+
t

+2||Ax 2" + 2 [|Azx 2n >

Hence we get the validity of the estimation (22).
As u = (t) from U is an optimal control in the problem (6) we have:

Ady (u) = Ady (u+ Au) — Jo (u) >0 (29)

for all Au € L™ (0,T) that u + Au € V.

Take any continuity point 6 from the interval [0, 7] of the optimal control u =
u(t) i.e. the Lebesgue point of the interval [0,7] and ¢ < 0 that 0,0 + ¢ €
[0, T] .Besides, we consider an increment of the functional w () in the form:

v—u(t), 0—S<t<O+°,

0, te[O,T]/[G—%, 9+§ :

Aug () =

where V' € M is any vector. This increment is said to be a needle-shaped variation
of the optimal control u = u (¢). By this name we underline the fact that for small
e > 0 the increment Awu, (¢) will differ from zero only on the small length interval. It
is easy to verify that u (t) + Au. (t) will be an element of the set U, i.e. an admissible
control.

Now, let’s consider an increment of the functional J, (v). Using the formula (27)
we have:

T
AJa(u):—/g(t)dt—er:—/g(t)dt+R, (30)
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where

g () =H(t, 0 (t),xr (t), 0,3 (), ¥ (1)) —
—H (t7 o (t) » XT (t) y U (t) 71/]0 (t) 7¢T (t)) )
€ £
b5 <t<O+5. (31)
By means of the estimation (29) we have:

2

o= o+
D NP
RI=IREI<Ca | [ 8wl | <0 [ Bu@ld @2
3 &
0—— o—=
2 2

By (31) from (32) we get the validity of the inequality:

9+%

Ady (u) = — / g (#)dt+ R (2) > 0.
0 S
2

Applying the definition of the Lebesque point from the last inequality we have:
—eg(0) +o(e)+ R(e) =20,
o(e)

where lim——= = 0.
e—0 €

If we divide the both hand sides of this inequality into ¢ > 0 and allowing to
(32) pass to the limit as ¢ — +0 we get the validity of the inequality

9(0) >0 (33)

for all 6 continuity point from the interval [0,77] of optimal control. Taking into
account (31), from this inequality we have

H (0,20 (0), 27 (0) 0,40 (0) , 107 (0)) < H (6,20 (0) , 27 () ,u (68) ;0 (0) , 1 ()

for all the Lebesque #-points, i.e. continuity points from the interval [0, 7] of the
optimal control w (t). Hence, by the arbitrariness of the vector v € M we get the
affirmation of the theorem. Theorem 1 is proved.
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