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STEADY-STATE DISTRIBUTION OF PROBABILITIES FOR THE
M/G/1/m QUEUE WITH THE FORCED VACATIONS AFTER n
CUSTOMERS SERVED IN SUCCESSION

Abstract

For the M/G/1/m queue with the forced vacations in work after n customers

served in succession probabilities of states of limiting steady-state process are
found.

1. Introduction. In case of arbitraryly distributed service time and expo-
nentially distributed interarrival time existence of limiting steady-state process for
the single-server queueing system with unlimited queue is proved by a method of
embedded Markov chains [1, p. 98]. For M/G/1/m queue probabilities of states of
limiting steady-state process are found in [2, p. 235].

Below we study M/G/1/m queue which feature consists that after n customers
served in succession the forced vacations in work of system occur. Necessity of such
pause can be caused by technological or other reasons. For example, the technical
device which consistently carries out homogeneous operations, at designing can be
calculated on the limited number of operations which are carried out without inter-
ruption between operations.

2. Formulation of a problem. The general formulas for steady-state
probabilities. We study single-server queue for which the number of places in queue
cannot exceed number m. Let time intervals T between the moments of arrival of
customers in system are independent random variables exponentially distributed
with parameter A. We designate through ey: E(T)) = e) = 1/ the expectation of a
random variable Ty. We assume also, that service times are independent and iden-
tically distributed random variables 7}, with arbitrary distribution function F),(t).

oo
Then intensity of a services flow is = 1/e,,, where e, = E(T},) = [ tdF,(t).
0

The studied system has feature, that each time after n customers served in
succession, the forced vacation in work of the system, proceeding random time 7},
occurs. The random variable T, is arbitrarily distributed with distribution function

o0
F,(t) and with an expectation e, = E(T},) = [ tdF,(t).
0

Customers who at the moment of the announcement of a vacation are in queue,
remain in system and wait on renewal of service. Newcomers customers are accepted
in queue also during a vacation at presence of free places in queue.

So, unlike usual queue with the limited number of places in queue, number of
the customers, served one behind another without interruption, cannot exceed n for
our queueing system.

Case n = 1, when the forced vacation occurs after each service, we shall not
examine, because this case can be reduced to research of queue M/G/1/m (look
2, p. 235]), if we conditionally consider a random variable T}, 4+ T, as service time.
Therefore we shall assume, that n > 2.
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We introduce double numbering of states of queueing system: s;(;) designates a
state j of a level i. Here j is a number of the customers in system; values i = 1,n
correspond to states of system when the i-th customer after the period of idle time
of system is served; value i = n+ 1 corresponds to states of system during the forced
vacation; sg(1) is a state of free system. So, we have all together n(m + 1) +m + 2
states: s;1) (j =0,m+1), s (i =2,n; j=1L,m+1), sj(ny1) (5 =0,m).

We assume, that at an initial moment of time the system is in a state sq).
Let N(t) be the number of a state in which the system is at time t. For process
N (t) we shall construct Markov chain which allows to study evolution of queue in
time. We designate as tj (k = 1,2,...) the moment of end of service of k-th served
customer, and as Ny = N(tx + 0) number of the state in which the system passes
after the end of service of this customer. Here we specify: if after the end of service
of k-th customer the forced vacation occurs then for the moment ¢, we accept not
the moment of the end of service, but the moment of the end of a vacation.

We shall be convinced that the sequence { Ny} forms Markov chain.

Let Ag is the number of the customers who have arrived to system in service time
T}, of k-th served customer, A}, is the number of the customers who have arrived to
system in time T}, + 7, equal to the sum of a service time of k-th customer and time
of the forced vacation after service of this customer. We shall analyze transitions
from a state in a state for one step in sequence {Nj}.

If Ny—1 = 0(1) (double numbering) or Ny = 1() (i = 1,n — 1) and Ay = 0,
then Nk = 0(1) If Nk,1 = Ckfl(l), then Nk = Ck(Q) where

Ay, Cr-1=0, 0<Ar<my
, Cre1=0, Arp>m;
Cp = m k-1 E>m (1)
Ckfl—i-Ak—l, Ck,1>0, 0<Ck,1+Ak—1§m;
m, Cr1>0, Cr1+Ar—1>m.

If Np_y = Cx_1(i) (i =2,n—1), then Ny = Cx(i + 1), where

Cr =min {Cy_1 + A —1; m}. (2)
If Np_1 = Ci_1(n), then Ny = Cx(1), where

C), = min {Ck,l—i—Ak—l;m}. (3)

Since the rest of time from the moment of end of service of (k—1)-th customer or
from the moment of end of the forced vacation after service of this customer till the
moment of arrival in system of next customer is exponential and, therefore, does not
depend on behavior of system till the moment ¢;_1, then random variables A and
A}, do not depend on the past, therefore equality (1) (3) prove Markov property
of sequence {Ny}.

The set of states of Markov chain N}, consists of nm + 1 states: s;1) (j =0,m)
and s;i;) (1 =2,n; j=1,m).

Direct transition from states of a level i s;(;) for j =2,m, i =1,n — 1 is possible
only in states of a level 74 1, and direct transition from states of a level n is possible
only in states of the first level. Direct transition in a state sg) from all states,
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except states so(1) and sy(;) (i = 1,n) is impossible. Therefore under the formula of
a total probability for £k = 1,2,... we obtain equalities:

P{Nes1 =0(1) } = P{Nys1 = 0(1) [Ny = 0(1)} P{N, = 0(1) } +

+> P {Njs1 =0(1) [Ny =1(s) } P{Ny = 1(s) };
s=1

P{Npi=j (1)} =

=Y P{Nep1 =35 (1) |Ne=s(n)} P{Ny=s(n)} (j =T, m); (4)
s=1
P{Nea =i ()} =

=Y P{Ne1 =5 INk=s(1)} P{Ny =s(1)} (j=T,m);
s=0

P{Npy1=7()} =

—ZP{Nk+1—y<>\Nk=s<z—1)}P{Nk=s<z—1>} (j=T,m; i=3n).
s=1

Transitive probabilities p 0 ( = Pjtiyst) = P{Nk+1 =3 (i) [Nk = s (1) } do not
depend on number k of the serv cf customer, and these probabilities are determined
in view of values of random variables A, = A, A, = A. It testifies to uniformity
of Markov chain {Ny}.

Using the ergodic theorem for homogeneous nonreducible Markov chain with
finite set of states ([3, p. 61] or [4, p. 67]), we can prove existence of limits

ﬂj(i):klimP{Nk:j(i)} (i=1, j=0,m; i=2n,j=1,m).
— 00

After transition to limit in equalities (4) we receive system of the linear algebraic
equations for definition of probabilities 7 ;:

n—1
To(1) = Qo (%(1) + Z 7f1(k)> + aoBoTi(n)

k=1
j+1 1k

D= ZW’“(”) Z By (=1 m—1);
k=1 1=0
m m—k  m—k—l
m(1) = D Th(n) (1 - 2w ﬁs> ;
k=1

=0 s=0
j+1
i) = aimoy + Y jei-kmry  (F =1, m—1); (5)
k=1

k
Tm(2) = (1— Zak> 770(1)4-2( ZCH) Tk(1)}
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j+1
Tj(i) = Zaﬂlfkﬂ'k(ifl) (j=1,m-1; i=3n);

m m—k
T (i) = Z ( Z al> Th(i—1) (z =3, n)
=

k=1

It is necessary to solve system (5) with a normalization condition

Z”](l + ZZ”J(% =

=2 j=1

Such designations are used in (5): a; is a probability of realization of j events in the
stationary Poisson stream of intensity A in time 7),, 3; is a similar probability for

time T;,, that is
o) . [e'e)
— / ()\t' 7)\tdF /
0 0

We introduce designations: p;)(t) = P{N(t) = j(i)}, pju) = tlinolopj(i) (t). We
shall show, that by means of solutions of system (5), we can find some of steady-
state probabilities p;(;), and also steady-state values of characteristics of considered
queueing system.

Let’s analyze work of system on very big time interval T'. If N(7T') is the number
of the customers arrived in system in time 7" (in view of the lost customers), Ngepy, (1)
is the number of the served customers for this time, then the approximate equality
is executed

e MAF,(t).

T = e)N(T) ~ (e,\wo(l) + e, Z Th(n) + eu> Nyero(T). (6)
k=1

Equality (6) is carried out with greater accuracy when the time interval 7" in-
creases. Having expressed from (6) relations Ngep (T)/N(T), after transition to
limit at T" — oo, we can find steady-state probability of service of customer, arrived
on an input of system,

N, T e
Poery = lim serv( ) = i\n =
eATo(1) + € D Th(n) + €u
k=1

1 1

To(1) + A <€y kzl Tk(n) + €#>

)

where Z = my(1) + A (el, > Th(n +€u)

Taking into account, that Toy(T) = eamo(1yNsero(T) is a total (in time T') time
of stay of system in a state sq(;), we find steady-state probability of stay of system
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in this state by means of limiting transition

Tooy(T) eATO(1) _ Toq)

Po1) = h_{n = pm =
Too T EATTo(1) T+ €v > Th(n) T €u 4
k=1

We calculate average time of stay of system in each of states sy, ..., sy as
an expectation of minimal of two random variables T and 7),:

E(Ty) = E (min{Ty, T,}) = / Pe M (1= Fu(1) di+ / tp(t)e Mt =
0 0

1 7 v a1 1 a7 (7)) aq 1—040 .
= F,tydt+ —=~—(—=+—=)4+—= =1, n).
3 //\te M(t)d+)\ 3 ()\4-)\)4-)\ 3 (z ,n)
0

Here p,(t) is a distribution density of probabilities of a random variable T},, and

o0
integral [ Ate ' F,(t)dt is calculated by integration by parts.
0

So, a total (in time T') time of stay of system in a state sy;) is

(1 — ao)mi()

Ty(;)(T) ~ Niero(T) (i=1,n),

A
therefore
. T Z(T) (1—a0)7r i (1—040)7T i) .
A <e,\7'r0(1) +e, > Tk(n) + 6M>
k=1

We carry out similar limiting transition and we calculate steady-state probability
of occurrence of the forced vacation in work of system

m

m e, kZ:l Th(n) ey kz:l Th(n)

Poc = Zpk(n—i-l) = — m = _Z . (7)
k=0 ExTTo(1) T+ €v > Th(n) T €u

k=1

Using the received formulas for steady-state probabilities, we can find an average
of the occupied servers (operating ratio of single-server queueing system)

To(1) + Aew Th(n
o) 2

];?:1—P0(1)—Zpk(n+1) =1- 7 =~z
k=0

and the probability of that queue is equal m

- Z -1
me—l—l (k) + P (n+1) = 1= Psery = ?
k=1
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3. Case, when m = 1. When maximal queue is equal 1 (m =1) we can to
calculate still some steady-state probabilities of states, and also average length of
queue 7 and an average waiting time ;.

n
Really, as Psery = Po(1) + Po (n+1) + Z P1 (k) and po (n+1) + D1 (n+1) — Piac, and
k=1

last probability is calculated under the formula (7), therefore

D0 (n+1) = Pserv — <p0(1) + Zm (k)> ) P1(n+1) = Poac — Po (n+1)-
k=1

n
From a normalization condition Psery + P (n+1) + D P2 (k) = 1 We can calculate
k=1

n

probability of presence of queue during work of system: »_ po)y = 1 — Pserv —
k=1

P1(nt1)- The average length of queue is equal

1—7‘('0(1)
_ eyTi(n) T € — —x —
r = ]_ — PS€TU =

EAT(1) T EvT1(n) T eu'
Using the formula for 7, we find average waiting time

1-— 7T0(1)

=ey+ EvTi(n) — h\

In case of m = 1 the system of the algebraic equations (5) with a normalization
condition takes simple form

n—1
To(1) = @0 <770(1) + ZM(k)) + @0 Bom1(n) ;
k=1

Ty = (1 —aoBo) mimy; Ty = (1 —ao) (o) + T1(1))

e =1 —ag)mg_1y (i=3,n); ma)+ Z?ﬁ(k) =1,
k=1

and we can write solutions of this system in the compact form:

1—(1—apB)(1 —ap)” !
To(1) = ( (1 i o(zzgn—l 0 " T1(n)> Ti1) = (1 = a0Bo)T1(n);

a[)(l — ag)n_l

T1(n)
1-— (1 — Ozo)n '

4. Examples of the solutions of system (5) for m > 2. In case of m =n = 2
the system of the algebraic equations (5) with a normalization condition takes the
form

To(1) = Qo (770(1) + 7T1(1)) + aoBoTi(2);

Ty = (@18 + aofy) T1(2) + @0BoT22) ;
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ma) = (1 — ao(Bo + B1) — a1Bg) i) + (1 — caofBy) Ta2);
T1(2) = Q1 (770(1) + 771(1)) + oo ;
To2) = (1 — a0 — 1) (mo) + m1(1)) + (1 — o) Ta1y ;
To(1) + 1) + T21) + Ti) + To2) = 1.
Solving this system, we receive

To(1) = g (a0 — a1 —2) By + (a0 — af —a1) B — a0f1) [ Zaz;

Ty = a0 (1 — ao) (o — a1 — 1) By + (af — g + 1) aoBy — (1 — ) 0 f3y) / Za2:
Ty = (a0 (1+ By + a1By) + By (of — ap) — 1) / Zaa;
T2y = @0 (@0 (1+ Bo) — By (of + ) — 1) / Zan;
To@) = (@0 (2+ a1By) + o (By (a1 — 1) = By — 1) + o (By + B1) + f By — 1) / Zaa;
Zog =200 (1 — a1 By + a1 1) + ad (Bo (a1 — 1) — 28;) + ad By + 2036, — 2.

If m =2, n =3, then from (5) we receive such system:
To(1) = Qo (7T0(1) + Ty + 7T1(2)) + aoBoTi3) i (1) =

= (1 By + aofy) T13) + a0BoTa3);
ma) = (1 —ao(By + B1) — a1By) miz) + (1 — caoBy) mas) ;
Ti2) = Q1 (7T0(1) + 7T1(1)) + QoT(1) ;5
Ty = (1 —ap — a1) (moqy + m1(1)) + (1 — o) mo1y s
T1(3) = Q1T1(2) + QOT(2); To(3) = (1—-ap— o) T1(2) + (1 - ap) T2(2) 5
To1) + T11) + T2(1) T Tie) + To2) + Ti(3) + 723 =1

with solutions

2
o
To(1) = 202630 (ao(3 +4aq) — 2+ ozg —3a1 — 204% — ag(Q + Oél)) +
o 2 2 (.2 2
+7% (a()ﬂl (20&0 —ap — 200 — 1) - B (ao —ag + 041) _ 1) :
Ti(1) = 042050 (2a0(1 + a1)® + a3(2 + a1) — 203(1 + 201) — a1 —af —af — 1) +
23
2
+§70 <ﬂ1 (200(1 + 1) + af — 208 — a1 — 1) + B (af — a0 + al)Q) :
23

1 .
To(1) = Zos (Oézfﬂo — By —1—of (B(201 + 1) + By (a1 — 1))+

= (14 Bo) (L4 1) + (81 = B)
23

(6]
Ti) = —— (ao(1+ By + 18y — a18y) — a1By(1 + ar)—
Z23
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—ag(By + 1By — B1) — By — 1);
1

To(2) = T (043 (ao(1+ 26y + a13;) + +Bp(ai —ar —1) — a1y — 2) +

+Bo(af —ap) — 1) + (24‘01(1"‘50)4‘01(51 —50)) ;

Z23

ag o
To(3) = Zos (a5(Bo + B1)+
+ap (Bo(ar —2) =28, — 1) + 2+ By + B1(1 + 2a1)) +

—|—Zi (a% (2(1%50 —a1(2+ By +28;) —2) +
23

+ag (2+ 201 + (B — By)) +aify — 1) ;
Zoz = aify + ag (Bylar — 1) = 36;) + af (14 (2 — 3a1) By + £1(2 + 3a1)) +
+a§ (Bo(3ai — 1) — 6a1 8y — 2) + 3ap (1 + o + af (B — 28y)) + 3ai By — 3.

For m = 3, n = 2 we have the system
To(1) = Qo (770(1) + 7T1(1)) + aoBomi(2)

Ty = (@18 + aofy) T1(2) + @0BoT22)
ma) = (aofs + a1fy + azfBg) Ti2) + (04051 + 04150) T+ BT (2)
Ti2) = Q1 (7T0(1) + 7T1(1)) + aoTy(1);
To(2) = Q2 (7T0(1) + 7T1(1)) + a1Ty1) + QoT(1)
m32) = (1 —ap — a1 — ) (770(1) + 771(1)) + (1 — g — a1) Ty + (1 — ag) m31);
%m+ﬂmrﬂmn+ﬁm+ﬂmrﬁm>+%m 1.
Solving this system, we receive

392
_ B
To(1) = 7

(14 af +4ar +of — ap(2+ a1 + a)+
+00 (a% — ag + oz% —ap(ag + ag))) +

3
+20 (263 + By (1 + 0By (2 + 1) — ad(By + B2))) ;

Z32
Ti(1) = Zoio (a1(2+ 1) — o + (2 + a1 + a2) — ag(1 + 4dag + of + az) +
+Z; (B (ao(e1 + ) — af + af — a) — (a0 — DapBl) +
agbo(ao —1)

23 . (a5 (81 + Ba) — aoBr(1+ar) — 1) ;

Qg
T2(1) = 732 (5(2) (O‘(% - 048 - 04%(1 +a1) —ag(ar + oz — 061042)) -

—apf(ag + agar By — 1)) +



Proceedings of IMM of NAS of Azerbaijan 17
[Steady-state distribution of probabilities]

aofBy
Z32

Q
T3(1) = 7; (a%ﬂ%(l — 2a) +ﬁo(a% + O‘?ﬁl —2a — 1) =313 — 1) +

+ (14 a1 — a2+ a1+ @b + aify) + ag(1+ a1fs)) ;

2
(6%
+—= (802 + 0f — a1)+
32

+08 (2 +az+ai1(f) — By — 1) — a%ﬁZ) + 2018 + 0367 — 52) +

4 (a8 (33(20n — 1) = Bul1+ 6y — aaf) — axff + B3) +
+(aiBy — 1)* + aGB(By + B1));
2
Ti(2) = aZOiO (1 + Oé(2) + 201 —ap(2+ oq)) +
2
70 (83 (0F — b + o — ag(a +02)) ~ a0y (a0 — 1) :

a
To(2) = 7; (1+ 1By — 3By — B35 + a6B(Bo + B1)+

_|_a(3) (5(2)(041 —1) = Bo(1+6;1) + /82)) +
2

(8%
+7;2 (10265 — 20181 = 1= By(1+ 201 + a2 + i) +

3
(6
+7:; (a2 + 1By + Bo(2 + a2 + a1 By + a28y) — Bo) ;
1
T3(2) = T ((aiBy — 1)* — o (2 + 202 + 207 By (aafy — 1)+

4
+3a1fy — alByBy)) + ;‘—;2 (a0 (Bo(By — B1) — B2) +
o283 + (B — Ba) (14 Bo) + B — a1Bo(By + B1)) +
2
52 (L4 a3 + B (1 + dan) + a?fi -
32
—By — B (0385 + 1(2+ a28)) — 202 — 1)) +
3
20 (8202 + an — an) + (24 1) By + (a1 + a2) 87 — 285) +

Z32
3By
Z32
Z33 = 20 (1 + 2020 + iy (20200 — 1) — a1(By — 361) + a1y (By — B1)) +
+ag (a3 + 267 + Bo(B1 — a1 By — 2B2)) + ap (B2 — B+
+af (85202 — 201 + o) +2 (B — Bo + Bi(a1 + a2)) —
—Bo (20289 + 201 (81 + B2) — 1)) +
+2ad (B5(af + aran + a3) + By (1 + 201 + aiBy) — By) —

—2048y (05 (81 + Ba) + a1 (2 + aafBy) —az — 1) + 2 (ai By — 1)2 :

+ (14 a2(14 61 = By) —ar(1 + 35));
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